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SUMMARY 
This thesis describes a theoretical techniqtie for the 
vibration analysis of blade assemblies in power station steam turbines, 
and its implementation in a computer program. The program was based on 
the finite element method, and used 20-noded isoparametric solid 
elements. The effects of centrifugal forces were included, and efficient 
methods were used to analyse structures with cyclic periodicity. 
Special attention was given to the methods used for the 
numerical integration of 20-noded solid elements, in order to obtain 
reliable and accurate results. Several different techniques were 
investigated, but it was found that a new method called 'mixed' 
integration was required for the best results. 
Some new 20-noded solid elements, based on the original element 
with additional internal degrees of freedom, were also developed. It was 
found that the new elements did not provide any significant improvements, 
so the original element with mixed integration was used for the remaining 
investigations. 
The program was validated by comparing its predictions with 
experimental results. The first structures considered were simple blades 
in spin rigs. Very good agreement was obtained between calculated and 
measured natural frequencies. Some complex blade assemblies, containing 
last-stage low pressure turbine blades with arch-coverbands, were then 
analysed. The calculations were sensitive to the assumptions made about 
the fixation conditions at the blade roots and between the blades and the 
coverbands. However, once the beat fixation assumptions had been 
determined, excellent agreement was obtained between calculated and 
measured natural frequencies for all the assemblies analysed. The 
calculated natural frequencies and mode shapes provided considerable 
insights into the vibration characteristics of these assemblies. To the 
author's knowledge, the accuracy obtained in these calculations was 
better than any previously-published results for the natural frequencies 
Of complex steam turbine blade assemblies. 
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NOTATION 
A matrix 
A column vector 
]T Matrix transpose, or a row vector 
Matrix inverse 
A Surface area 
aj, by cj Additional internal degrees of freedom (dof) 
fal Nodal displacements 
jael Element nodal displacements 
fail Displacement vector for node i 
jaml Master dof 
faol Mode shape associated with natural frequency w 
(apj Displacement vector of node p on one boundary of 
substructure 
[aql Displacement vector of corresponding node q on opposite 
boundary of substructure 
la. 1 Slave dof 
[B] Strain shape function matrix 
[Bi] Strain shape function matrix associated with node i 
Strain shape function matrix if displacements are large 
IBLI Non-linear large displacement component of 
JbI Body force's 
[bdI Dynamic body forces due to vibrational displacements 
[bal Static body forces due to steady centrifugal force on a 
non-vibrating body 
[c] Coriolis matrix 
[D] Elasticity matrix 
(Ddirl Direct-strain elasticity matrix 
[Ddist] Distortional elasticity matrix 
[Dshl Shear-strain elasticity matrix 
[Dvol] Volumetric elasticity matrix 
e Base of natural logarithms, or element superscript 
E Young's modulus 
[El Green's strain 
f Cyclic frequency (of vibration) in Hertz 
FM Function to be integrated 
If) Force vector 
Ifel Element force vector 
[G] Term used to define initial stress matrix (equation 3.34) 
Hig Hjj Hk Gauss weights 
[H] Term used to define initial stress matrix (equation 3.34) 
i Square root of -1 
i, 
_J, 
k Cartesian unit vectors 
IIJ Identity matrix of dimension 3 
Jacobian matrix 
det J Determinant of the Jacobian matrix 
Ix] Stiffness matrix 
[KI] Constrained stiffness matrix 
[Kc] Complete-integration stiffness matrix 
[Kcmj 'Centrifugal mass' stiffness matrix 
(Kcondl Condensed stiffness matrix 
[Kdirl Direct-strain stiffness matrix 
[Kdistl Distortional stiffness matrix 
[Ke] Element stiffness matrix 
IKLI Large (or initial) displacement stiffness matrix 
[Krl Reduced-integration stiffness matrix 
[Kpl Stiffness matrix for cylindrical polar dof ur) uO, w 
[Ks] Initial stress (or geometric) stiffness matrix 
[Kahl Shear-strain stiffness matrix 
[KT] Tangential stiffness matrix 
ly, 
oll Volumetric stiffness matrix 
L2, L3 Area coordinates 
[L] Matrix containing spatial derivatives 
IMI Mass matrix 
(Mcond] Condensed mass matrix 
N Number of blades on a wheel or in a packet 
Ni Shape function associated with node i 
n Number of nodes on one element 
[N] Element shape function matrix 
(PI Force vector (used in large-displacement analysis) 
[pol Centrifugal force vector corresponding to unstressed 
geometry 
[qj (Large) nodal displacements; static nodal displacements 
due to steady centrifugal force 
Rj Additional internal shape function 
r, 0, z Cylindrical polar coordinates 
r Position vector of a point relative to a rotating body 
Lo Position vector without rotation 
62 r Absolute acceleration 
bt2 - 
so r Acceleration relative to a rotating frame 
[R] Coordinate transformation matrix 
Position vector of an arbitrary point 
An integer 
ISI Kirchoff stress 
T Number of additional internal shape functions 
3T Total number of additional internal dof 
t Time 
[T] Transformation matrix 
Itl Surface forces 
U Total strain efiergy 
Udist Distortional strain energy 
Uvol Volumetric strain energy 
U, V, w Displacement components in x, Y9 z directions (Cartesian 
dof) 
urp uO, w -Displacement components in r, 0, z directions (Cylindrical 
polar dof) 
V Current volume 
Vi Initial volume 
xP Y* z Cartesian coordinates 
X Vector cross-product 
P Weighting factor for mixed integration 
YXYS YYZq YZX Components of shear strain 
A Incremental operator; for example, jApj is a vector of 
incremental forces 
Virtual operator; for example, 16al is a vector of virtual 
displacements 
ex, cyp Cz Components of direct strain 
10 Strain vector 
Steady centrifugal displacement of an arbitrary point 
(Large) displacement vector; steady centrifgual 
displacement vector 
I., Displacement due to vibration 
10 Displacement at an arbitrary point 
V Poisson's ratio 
C, T), Local curvilinear coordinates 
Eip Ili, Ci Local curvilinear coordinates of node i 
&09 T100 CO Defined by Co ýi, tio -I i)i, 
79 3.1415926536... 
P Density 
(a) 
Stress vector 
T Complex constraints phase angle 
Initial position vector of'an arbitrary point 
Angular speed 
Angular velocity vector 
Circular frequency (of vibration) in radians per second 
CHAPTER 
INTRODUCTION 
1.1 NEED FOR THEORETICAL METHOD 
The research described in this thesis was carried out by the 
author at the Central Electricity Research Laboratories (CERL), in 
Leatherhead, Surrey, England, which is part of the Central Electricity 
Generating Board (CEGB). The research was carried out while the author 
was registered for the degree of Doctor of Philosophy on a collaborative 
basis at the University of Surrey. The purpose of the research was to 
develop a reliable theoretical technique for the analysis of the 
vibrational characteristics of blade assemblies in power station steam 
turbines. In particular, there was a requirement for a method which 
could predict natural frequencies to within a few percent of their true 
values. However, previous theoretical methods have not had great success 
in calculating accurately the natural frequencies of complex turbine 
blade assemblies (Chapter 2). 
A power station steam turbine contains several thousand blades 
of many shapes and sizes, all of which have to be designed so that 
potentially damaging vibrations are avoided. Excessive vibration could 
lead eventually to fatigue failure of one or more blades, which would 
necessitate a shutdown of the unit while the failed blades were replaced 
and any consequential damage to the turbine was repaired. During a 
shutdown, the power lost to the national electricity grid would have to 
be replaced by a less economic power station, and the extra fuel cost of 
operating such replacement plant can be very high if the shutdown is for 
a prolonged period. There is therefore a strong financial incentive to 
prevent blade failures. 
The low amount of damping present in turbine blade assemblies 
means that the lowest natural frequencies should be tuned away from 
resonances with the major excitation forces. In a power station turbo- 
generators which rotates at a constant speed, the frequencies of the 
major excitation forces are integer multiples of the rotational speed 
(Section 1.3). A knowledge of the natural frequencies is týerefore 
essential. It is standard practice for turbine manufacturers to measure 
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blade frequencies in evacuated wheel chambers before putting new designs 
into service. However, a reliable method of calculating the natural 
frequencies, mode shapes and stress distributions in turbine blades would 
obviously be of great benefit to both turbine manufacturers and 
operators. Such a theoretical method would, not entirely replace wheel 
chamber measurements, but it would greatly aid in the interpretation of 
wheel chamber test results, since the experimental data is often 
incomplete. It would then be possible to consider a wider range of 
alternative designs, without having to carry out expensive and time- 
consuming wheel chamber tests for every alternative, and this may result 
in a better final design. To the electricity board, a reliable 
theoretical method would be useful for the diagnosis of blade failures in 
power stations, and can provide guidance on how existing blade designs 
should be modified if this becomes necessary. In addition, it would 
enable an electricity authority to carry out independent assessments of 
new blade designs proposed by turbine manufacturers. 
1.2 BLADE TYPES IN STEAM TURBINES 
The problem of developing a theoretical method which can be 
applied to all types of blades is difficult because of the wide variety 
of blade types found on steam turbines. The blades in the high pressure 
(HP) turbine are short (a few inches long) and stubby, with low aspect 
ratios. HP blades are usually straight with constant aerofoil cross- 
sections. As the steam expands through the intermediate pressure (IP) 
and the low pressure (LP) turbines the blades become correspondingly 
longer, culminating in the last-stage LP blades which may be over 3 feet 
in length. The last-stage LP blades are twisted and tapered, with 
varying assymetric aerofoil cross-sections along the length of the blade. 
Another complicating feature is that blades are usually connected 
together into assemblies by various types of tip supports, such as 
shrouds, lacing-wires, or arch-coverbands. In addition, various types of 
roots are used on power station turbine blades. The two most common 
types are fir-tree roots and multi-finger pinned roots. 
A comprehensive description of the various types of blade found 
in power station turbines can be found in a report by the American 
Electrical Power Research Institute (EPRI, 1981). 
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1.3 BLADE EXCITATION FORCES 
An important preliminary to any discussion of natural frequency 
calculations is an understanding of the excitation forces present in 
steam turbines. There are two major sources of excitation which could 
cause blade vibration leading to fatigue failure. Both are associated 
with the flow of steam. It is difficult to estimate the magnitude of 
these forces, but their frequencies are known precisely. 
Between each row of moving rotor blades, there is a row of 
stationary blades attached to the outer casing of the turbine. (These 
stationary blades are known as nozzles, stator blades or diaphragm 
blades. ) The steam flow causes pressure variations, called nozzle wakes, 
behind each stationary blade. The rotor blades pass through the nozzle 
wakes, and they experience a series of impulses. The frequency of these 
impulses is the product of the number of stationary blades and the 
rotational speed. This 'Blade Passing Frequency' is usually a few 
thousand Hertz. Excitation from the nozzle wakes at the Blade Passing 
Frequency is the mechanism which is of most concern in the high pressure 
(HP) and intermediate pressure (IP) cylinders, where there are short 
blades with high natural frequencies. 
The longer LP blades have much lower frequencies of vibration, 
so the most important excitation frequencies for these blades are at low 
multiples of the rotational speed (1,2,3,4, etc. ). These excitation 
forces are caused by asymmetries in the flow, which lead to. a 
circumferential pressure distribution. (The nozzle wakes are 
superimposed on this larger scale pressure variation. ) The asymmetries 
in the flow may arise from the horizontal joint between the top and 
bottom halves of the turbine casing, or from the shape of the casing, or 
from obstructions in the flow, or from steam inlet ducts, etc. The 
circumferential pressure distribution can be analysed into a number of 
spatial Fourier components. A rotor blade will pass through 1,29394 ... 
pressure waves per revolution, depending on the Fourier component. Each 
sinusoidal component will affect the blades at a different frequency. 
The component with n pressure waves around the circumference will be felt 
by the blades as a pressure fluctuation at n times the rotational speed. 
This is known as an n1th Engine Order excitation (or nEO)-, The blades 
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will therefore be subjected to excitation forces at integer multiples of 
the engine speed. Power station turbines in Britain rotate at a constant 
speed of 50 rev/a, so the major excitation frequencies will be at 50, 
100,150,200t Hz ... The close packing of the excitation frequencies 
means that the natural frequencies of LP blade assemblies have to be 
known accurately. 
There is an additional factor to be considered. It does not 
necessarily follow that there will be a damaging resonance simply because 
one of the natural frequencies of the turbine wheel assembly is very 
close to a multiple of 50 Hz. There must also be a match between the 
spatial distribution of the Fourier component of the pressure 
distribution, and the assembly mode shape, if energy is to be transferred 
into that mode of vibration. 
The most important way in which the spatial distributions 
should match is in the number of 'nodal diameters' (nd). This latter 
term is used by turbine designers, and it represents the number of times 
the pattern in the mode shape repeats itself around the circumference of 
the wheel. The number of nodal diameters can also be regarded as the 
number of circumferential wave lengths in the mode shape. 
An nEO excitation will excite large amplitude resonant 
vibration if the mode shape contains n nodal diameters. The condition 
for a 'major resonance'. is that an n-nodal diameter mode has a frequency 
equal to the nEO frequency (for example, a2 nd mode with a natural 
frequency of 100 Hz would cause great concern). The conditions for 
resonant vibration are discussed in great detail by Wildheim (1981). 
It may also be difficult for energy to be transferred from the 
pressure distribution into a mode of vibration if the assembly mode shape 
contains a 'nodal circle'. For these mode shapes, the upper part of each 
blade is deflected in the opposite direction to the lower part, 'whereas 
the pressure distribution tends to act in one direction only. This 
mismatch would reduce the amplitude of any resonant vibration. 
There are some other, less important, excitation forces present 
in a turbine whose frequencies are not so well known. These include 
random or broadband excitation, caused by unsteadiness in the flow, which 
can produce resonant vibrations although the response is random in 
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nature. For a more detailed description of the sources of excitation in 
steam turbines, see a recent EPRI report (1981). 
The effects of any corrosion or erosion on the blades or tip 
supports would be to weaken the structure by introducing stress 
concentrations, and to lower the fatigue endurance limit. This may make 
fatigue failure from an existing vibration problem more likely. 
1.4 EFFECTS OF BLADE MISTUNING 
So far, only idealised turbine wheels with identical blades 
have been considered. On a perfectly tuned assembly with identical 
blades, a mode with n nodal diameters (nd) can be excited by the force at 
n times the rotational speed, known as the n1th Engine Order (nEO). The 
condition for a 'major' resonance is that an n-nodal diameter mode has a 
frequency equal to the nEO frequency. 
In practice, wheels are slightly mistuned because of 
differences between individual blades resulting from manufacturing 
tolerances, and because of small variations in blade fixation conditions. 
The natural frequencies of a mistuned assembly are close to those of a 
perfect wheel but the mode shapes are not pure (Ewins, 1980). For 
example, a predominantly 3 nd mode could also contain small 2 nd and 4 nd 
components on a mistuned assembly, and possibly also 1 nd and 5 nd 
components. If the frequency of this mode coincides with, say, twice the 
rotational speed then the 2 nd component of the 3 nd mode could be 
excited by the 2EO force, leading to a 'minor' resonance. However the 
amplitudes of vibration at such a minor resonance are likely to be 
considerably lower than amplitudes at a major resonance. In terms of 
critical speeds, consider a3 nd mode and plot a frequency versus 
rotational speed graph. The point where the 3EO line crosses the 3 nd 
line is a major critical speed or frequency. The points where the 2EO 
and 4EO lines cross the 3 nd line are known as the first minor criticals. 
The points where the 1E0 and 5EO lines cross the 3 nd line are the second 
minor criticals, and so on. 
Each natural frequency of a perfectly tuned assembly 
corresponds, in fact, to two modes with identical frequencies but with 
mode shapes which differ in their spatial orientation on the wheel. (A 
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small number of the assembly's modes are true 'single' modes, that is 
those with 0 or N/2 nodal diameterso where N is the number of blades on 
the wheel. ) on a mistuned assembly, the 'double' modes have close, 
rather than identical, natural frequencies so that almost twice as many 
natural frequencies could be found by experiment. This frequency 
splitting is usually small and is normally ignored. If the frequency 
splitting is significant, then the split modes can be measured 
experimentally and can thereby be identified. 
Another effect of mistuning is that the vibration amplitudes 
and stress levels experienced by the blades on a wheel are no longer 
identical but can vary between individual blades (Ewins, 1976). 
The theoretical methods described in this thesis assume that 
the assembly contains identical blades and so ignore mistuning. This 
particular assumption does not cause any significant errors in the 
calculated natural frequencies. The main practical consequence of blade 
mistuning is to allow the possibility of 'minor' resonances in addition 
to the more dangerous 'major' resonances. 
CHAPTER 2. 
SURVEY OF PREVIOUS METHODS OF ANALYSIS 
2.1 INTRODUCTION 
Hundreds of papers have been published on the subject of blade 
vibration analysis. This makes a literature survey difficulto and one 
has to be selective in the references quoted. Several reviews of the 
blade vibration literature have been published, including papers by Rao 
(1973,1977 and 1980), Rieger (1977), Ewins (1980), Leissa (1980 and 
1981), and Leissa and Ewing (1982). 
Before surveying the previous work done, it is as well to 
define a frame of reference in terms of an 'ideal' theoretical method. 
Because of the necessity to tune modes away from resonance at integer 
multiples of the rotational speed, the ideal method should be able to 
calculate all important natural frequencies of blade assemblies to within 
5% of their true values. It should also be capable of accUlrately 
predicting mode shapes, centrifugal blade untwists, centrifugal stresses, 
and modal stress distributions. (The lack of quantitative knowledge 
about blade excitation forces and the uncertainty in damping levels in 
blades mean that forced response calculations have relatively litle 
practical value. ) An-ideal method of analysis would be able to cope with 
all the different types of blades found in power station turbines. These 
blades may be short or long, straight or twisted, thick or thin. Some 
blades have constant aerofoil cross-sections; others are tapered with 
varying cross-sections. Centrifugal stiffening is significant for the 
longer blades. The flexibility of the root and its method of fixation 
may be important. If the blades are coupled together by cover bands, 
lacing wires, or by a flexible disk, the blades will vibrate as an 
assembly rather than as isolated blades. Finally, an ideal method should 
be cheap and easy to use. 
It is obvious that developing a theoretical method which can 
cope with all these aspects of blade vibration is a very difficult task. 
Inevitably, therefore, the first investigators confined themselves to 
dealing with simplified aspects of the problem. 
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2.2 ANALYSES BASED ON BEAM THEORY. 
By far the largest number of published references treat the 
blade as an isolated cantilevered beam. This was the only feasible 
approach before the development of powerful computers and before 
sophisticated numerical techniques, such as the finite element method, 
became available, because the complex differential equations describing 
the vibration of a blade can only be solved analytically if various 
simplifying assumptions are made. 
The analytical solution for a straight uniform beam in simple 
bending, ignoring shear deformation and rotary inertia, was well known as 
early as the 18th century (Euler-Bernoulli beam theory) and is described 
in most standard vibration textbooks. However, for stubby beams and when 
higher modes are required, the Euler-Bernoulli equation introduces 
considerable error. Timoshenko (1921) obtained an equation allowing for 
both rotary inertia and shear deformation. But this still ignored 
factors. such as taper, pretwist and centrifugal stiffening. 
If a beam cross-section has two-fold symmetry, then three types 
of free vibration modes are possible, all uncoupled from each other: - 
(a) longitudinal, (b) bending about each of the two principal axes, and 
(c) torsional. If there is no symmetry, then all the bending and 
torsional modes are coupled. (Longitudinal modes are at higher 
frequencies and can usually be ignored. ) Further coupling is introduced 
if the beam has initial pretwist. 
No-one has done more than Carnegie (e. g. 1967) to derive the 
non-linear partial differential equations for a rotating, vibrating beam 
with coupling among all the modes. Howe'verg these equations are so 
complex that a full solution taking into account all effects is , 
difficult. Various investigators have solved simplified versions of the 
differential equations to show the effects of varying individual 
parameters on the vibrational characteristics. These individual 
parameters include pretwist, centrifugal effects, camber (the curvature 
of the blade cross-section across the chord), and stagger angle (the 
angle between the base of the blade and the axis of rotation). 
Rissonfi and Williams (1965) (working, at CERL) used the finite.: 
difference method to solve the Timoshenko beam equations for linearly- 
tapered, non-rotating, cantilever beams of rectangular cross-section. 
Montoya (1966) derived differential equations for a twisted and tapered, 
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rotating beam, and then used the Runge-Kutta numerical integration 
technique to calculate the natural frequencies of a low pressure steam 
turbine blade. Rao and Carnegie (1972-) solved Carnegie's equation, using 
the Ritz averaging process, to calculate the forced vibrations of a 
damped, rotating, uniform blade, including the effects of Coriolis 
forces. Carnegie and Thomas (1972) used the finite difference method to 
calculate the natural frequencies of rectangular cross-section blades 
tapered in both depth and width. Downs (1979) used the transfer matrix 
method to analyse the vibrations of non-rotating, tapered, highly twisted 
blades. Irretier and Mahrenholtz (1981) presented the differential 
equations of a staggered, twisted, tapered and rotating blade with a 
flexible root; the equations were solved by a direct numerical 
integration technique. 
The main drawback of the direct solution of the beam equations 
discussed so far is that it does not lend itself to the analysis of 
blades with non-uniformly-varying geometric parameters. The partial 
differential equations can only be solved over a region in which 
parameters, such as twist, vary linearly. It is possible to use 
different coefficients for the parameters in the equations over distinct 
segments of the blade, but there is then a problem with imposing the 
correct boundary conditions at the interfaces between segments. 
The finite element method, on the other hand, can analyse 
blades with non-uniformly-varying properties very easily, and it is also 
capable of modelling blade assemblies. The disadvantage of the finite 
element method is that it is usually more expensive than direct solution 
of the beam equations. 
One of the earliest finite element analyses of a turbine blade 
was by Dokumaci, Thomas and Carnegie (1967). who derived a twistedp 
uniform cross-section, bending-bending beam element with no taper. A 
beam element which included taper was later presented by Carnegie, Thomas 
and Dokumaci (1969); but this element ignored the effects of rotation. 
Thomas and Sabuncu (1979) developed a beam element for rotating, twisted, 
asymmetric cross-section blades; the element was used to calculate the 
natural frequencies of some aerofoil cross-section blades without taper. 
A very sophisticated beam element has recently been presented 
by Karadag (1984), who analysed various rotating and non-rotating, non- 
uniform, aerofoil cross-section blades. One of these blades was the 28 
inch long, twisted, LP steam turbine blade considered by Montoya (1966). 
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The first 7 natural frequencies calculated by Karadag's element (using 
Montoya's data) were compared with Montoya's experimental and calculated 
frequencies and also with frequencies calculated using Thomas and 
Sabunculs element. All three methods gave maximum errors of 11% in the 
calculated frequencies, with average errors of 4% (Montoya), 7% (Thomas 
and Sabunculs element) and 5% (Karadag's element). 
So far, only beam theory and beam finite elements have been 
considered. But other finite element types, such as plate, shell, and 
solid elements, have also been used to analyse turbine blades. It was 
decided to employ the finite element method for the investigations 
described in this thesis, because finite elements lend themselves readily 
to the analysis of a wide variety of blade types and tip supports. The 
question was whether to use beam elements or some other element type. 
Beam elements have the advantage that they are much cheaper 
than two- and three-dimensional elements, and beam element meshes are 
simple to construct. They are therefore very suitable for quick 
calculations. 
However, beam elements have several drawbacks: - (i) Beam 
theory cannot predict plate-like modes of vibration involving bending 
across the chord., Such modes would be completely left out of the 
predicted spectrum. Plate-like behaviour may be of importance for thin. 
blades of low aspect ratio. (ii) Beam elements cannot predict stresses 
in blade roots, and they cannot accurately calculate stress 
distributions across an aerofoil cross-section. (iii) It is difficult to 
accurately model components such as coverbands with beam elements. If 
coverbands are represented by shell elements , there is a problem in 
connecting them properly to a beam element model of the blade. 
(iv) Lacing-wires can be modelled by beams. But if the lacing-wires' 
connect the trailing edge of one blade to the leading edge of the next 
blade, the configuration cannot be properly represented if beam elements 
are also used for the blades. (v) The use of beam elements requires the 
accurate determination of the shear centres of the aerofoil cross- 
sections, relative to the centres of mass. The exact position of the 
shear centre is difficult to calculate, except for some simple cases. It 
is possible to find an approximate location for the shear centre 
experimentally (Carnegie, 1959), but the usual procedure is to try out 
various assumptions for the positions of the shear centres, until the 
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calculated frequencies give reasonable agreement with experiment. If no 
experimental results are available, beam7theory methods can give suspect 
results for modes where coupling between torsion and bending is strong. 
Because of these inadequacies, it was decided not to use beam elements in 
the present study. 
2.3 ANALYSES USING PLATE AND SHELL ELEMENTS 
If a turbine blade is to be analysed as a shell structures the 
finite element method is mandatory for accurate calculations. This is 
because the differential equations of shell theory cannot be solved 
directly for a turbine blade of complex geometry. A blade can be 
analysed using either flat plate elements or curved shell elements. The 
plate elements used must be either triangular or warped quadrilateral 
elements (flat rectangular or quadrilateral elements cannot model doubly- 
curved structures). - 
Dokainish and Rawtani (1971) used a triangular plate element to 
calculate the natural frequencies and mode shapes of a rotatingg 
cantilevered, rectangular plate. Henry and Lalanne (1974) derived 
centrifugal-stiffening matrices for a variable-thickness, triangular 
plate elements and then used their element to analyse a jet engine 
compressor blade; at 0 rpm, their calculated natural frequencies had a 
maxim! im error of 10% and an average error of 5% when compared with 
measured values. 
Plate elements have the disadvantage that they have straight 
sides, so a large number may be required in a turbine blade mesh to 
minimise the geometric error. Curved-shell elements may be more suitable 
for the analysis of curved structures. A single curved-shell element is 
more expensive in computer time than a single plate element, but fewer 
curved-shell elements are required in a mesh. 
The curved-shell element which has been used most often for the 
analysis of turbine blades is the Ahmad Isuperparametric' shell element, 
which was derived by degenerating an lisoparametric' solid element into a 
shell. This element was used to calculate the natural frequencies of 
turbine and compressor blades by Ahmad, Anderson and Zienkewicz (1970), 
but poor results were obtained because ordinary numerical integration 
rules were used. It was later discovered that the Ahmad shell element 
gave improved results for. thin structures if 'reduced' integration was 
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used instead (Zienkiewicz, Taylor and Too, 1971). Additional matrices, 
which allowed for the effects of centrifugal forcest were developed for 
the Ahmad shell element by Thomas and Mota Soares (1973). The same 
element was used to analyse hollow turbine blades by Thomas and 
Abdulrahman (1984); good agreement with measured natural frequencies was 
obtained. 
The above references have demonstrated that plate and shell 
elements can give reasonable representations of real turbine blades. 
These elements can also be used to model components such as coverbands. 
However, shell and plate elements do have certain disadvantages: 
(i) They are not suitable for stubby blades with very thick aerofoil 
cross-sections. (The assumptions of shell theory are not valid for such 
structures. ) (ii) They cannot provide a proper representation of the 
blade roots - this may be important if the calculated natural frequencies 
are sensitive to the flexibility of the roots, or if stresses in the 
roots are required. (It is possible to join a shell element mesh of a 
blade to a solid element representation of the blade roots, by the use of 
transition elements, but this complicates the analysis. ) 
2.4 SOLID ELEMENT MODELS 
A number of workers have analysed turbine blades as three- 
dimensional structures, using solid or 'brick' finite elements. The 
elements used have all belonged to the class of tisoparametric' elements 
first developed by Ergatoudis, Irons and Zienkiewicz (1968). 
Solid elements have the advantage, over other element types, 
that they are based on full three-dimensional elasticity theory. Beam, 
plate and shell-elements all make various implicit assumptions about the 
behaviour of the structure they are modelling. These assumptions may not 
always be valid if the structure has the complex geometry of a turbine 
blade. The only assumptions implicit in the use of solid elements are 
that the structure obeys the laws of elasticity. 
, The solution from a solid element analysis should 
therefore converge, with increasing mesh refinement, towards the true 
solution, whereas a solution given by beam, plate or shell elements may 
converge towards an approximate solution. 
Solid elements are very versatile - they can be used to model 
all varieties of turbine blades, blade roots, disks and cover bands. If 
detailed stresses are required in one part of the structure, such as the 
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blade roots, these can be obtained by using a more refined solid element 
mesh in that region. (It is very difficult to calculate detailed root 
stresses using beam, plate or shell elements. ) 
Solid elements do have drawbacks. They require expensive 
computer runs, with many dof, and the manual preparation of meshes can be 
time-consuming. However, the cost of a dynamics analysis can be greatly 
reduced by the eigenvalue-economiser method (Guyan,. 1965; Irons, 1965) 
and mesh-generation programs can be used to prepare meshes. 
Another disadvantage of solid elements is that although they 
give good results for thick, solid structures they can converge very 
slowly with thin, shell-type structures. (This phenomenon is called 
'locking', and is also a feature of certain plate and shell elements. ) 
The result is that solid element meshes of thin structures can be over- 
stiff, unless very refined meshes are used. For example, Mirzad (1974) 
used the quadratic-displacement, 20-noded brick element (with ordinary 
integration rules) to analyse various fan blades. Some of the calculated 
natural frequencies were as much as 25% higher than the measured values. 
(Presumably the accuracy would have been better if more elements had been 
used. ) 
The performance of the 20-noded solid element for thin 
structures can be greatly improved if reduced integration is used to 
evaluate the stiffness matrix. This was demonstrated by Bossak and 
Zienkiewicz (1973), who also derived the centrifugal-stiffening matrices 
for this element. Excellent result were obtained for various plate- and 
shell-type problems. 
It seemed for a while that the 20-noded brick with reduced 
integration was a good #universal' element which could be used for all 
types of structures. However, Irons and Hellen (1975) showed that it was 
possible to obtain ridiculous results from reduced integration of this 
element. The problem was that reduced integration could also give some 
spurious, non-physical, modes which could contaminate the results in 
certain analyses. Nevertheless, Ramamurti and Sreenivasamurthy (1980) 
used the 20-noded brick to calculate the steady centrifugal stresses in 
rotating, twisted and tapered blades of rectangular cross-section. They 
did not specify whether or not they used reduced integration, but their 
calculated stresses were within 4% of experimental values. 
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Other investigators have employed different solid elements to 
analyse turbine blades. Lalanneg Henry and Trompette (1974) used a 24- 
noded brick element (with cubic displacements along two coordinate axes, 
linear displacements along the third). They calculated the first three 
natural frequencies of an aircraft engine turbine blade and these were, 
respectively, 6%, 11% and 6% higher than measured values. 
The linear-displacement, 8-noded brick element has the 
attraction of simplicity. However, standard linear-displacement 
isoparametric elements have very slow convergence characteristics. There 
is a 'non-conforming' version of the 8-noded brick derived by Wilson et 
al. (1973) and improved by Taylor et al. (1976). These elements give 
better results than the standard 8-noded brick, particularly when 
modelling bending. But the performance of the Wilson and'Taylor elements 
deteriorates markedly when the elements have non-rectangular geometries. 
Also, a large number of these (straight-sided) elements may be required 
to provide an accurate geometrical representation of a curved structuret 
so they do not seem to be ideal for the analysis of turbine blades. This 
view was not shared by Sagendorph (1976), who used Wilsonl, s 8-noded brick 
to analyse a jet engine fan blade. The maximum error in the calculated 
natural frequencies was 10%. But Sagendorph had to use a very large 
number of elements to obtain this accuracy. 
One category of blades for which solid elements may not be very 
suited is hollow blading. The use of thin-shell elements, such as the 
Semiloof shell (Irons, 1976), would probably be more appropriate for 
hollow blades with thin walls. However, hollow blades are not found in 
power station turbines. 
It was decided to use solid finite elements as the basis of the 
present research, for the reasons described above. The optimum element 
appeared to be the 20-noded brick with reduced integration, which was 
capable of producing very good accuracy for both thick and thin 
structures. However, there was the possibility of obtaining spurious 
results with reduced integration of this element, which was obviously an 
unsatisfactory state of affairs. An important part of the work described 
in this thesis consisted of investigations into various methods of 
numerical integration and element formulation, in an attempt to obtain 
the same-high accuracy from the 20-noded brick as reduced integration, 
but without the attendant spurious modes. These investigations will be 
described in Chapters 5 and 6. 
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2.5 ANALYSES OF BLADE ASSEMBLIES 
So far, the only theoretical methods discussed have been for 
the analysis of a single, isolated, cantilevered blade. In reality, 
blades form parts of an assembly of blades, disc, and c ov6rbands or 
lacing wires. The vibrational characteristics of such an assembly are 
often quite different from those of a single blade. It is therefore 
necessary to have theoretical methods available which are capable of 
analysing blade assemblies. 
The most straightforward approach would be to construct a 
finite element mesh of the entire assembly. But there may be of the 
order of 100 blades on a turbine wheel, so this approach would be 
prohibitively expensive in computer time and storage. It is therefore 
necessary to use methods which take advantage of the periodicity of the 
structure. 
Blade assemblies can be classified into three types: - (i) If 
the blades are mounted on a flexible disk without any tip supportso or if 
the tip supports form a continuous ring around the circumference, then 
the assembly has cyclic periodicity. (ii) If the tip supports only 
connect a group of, say, ten blades together, with gaps between adjacent 
groups, then the blades are 'packetted'. If these blade packets are 
mounted on a rigid disc, then each packet will vibrate independently of 
the others, and can be analysed as a separate unit. (iii) The third 
category consists of blade assemblies which do not possess any 
periodicity or symmetry. Packetted blades mounted on a flexible disc 
with unequal number of blades in each packet are of this type. Another 
example is an assembly with inter-woven lacing wires, if the lacing wires 
do not form a continuous ring. Assemblies without periodicity are 
obviously very difficult to analyse without the use of approximations, 
and the author is not aware of any published analyses of such 
assemblies. 
2.5.1 Assemblies with Cyclic Periodicity 
The earliest investigators, such as Campbell (1924), contented 
themselves with including the inertial effects of blading when 
calculating the vibration modes of steam turbine discs. (At that time, 
the discs used in power station turbines were much thinner than those in 
use today, and there were many disc failures because the fundamental 
natural frequencies of these thin flexible discs coincided with low 
integer multiples of the rotational speed. ) 
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Armstrong, Christie and Hague (1966) used the receptance 
coupling method to analyse bladed discs. A Myklestad lumped mass method 
was used to represent the disc, and simple beam theory was used for the 
blades. It was assumed that the modes of the disc could ýe classified 
into modes with increasing numbers of nodal diameters and nodal circles. 
Cottney and Ewins (1974) applied the same receptance coupling 
technique to the more general case of disc assemblies with shrouded 
blades. 
Wildheim (1981) used a receptance approach, combined with the 
modal synthesis method, to analyse a rotating bladed disc with lacing 
wires. Plate theory was used for the disc, and beam theory was used for 
the blades and lacing wires. 
Hall and Armstrong (1976) analysed an assembly of shrouded 
blades by combining the finite difference method with beam theory. 
Adjacent blades were assumed to be vibrating with a phase relationship of 
e 
iT 
, where Y- 2ns/N, s is an integer, and N is the number of blades. 
One of the earliest finite elements analyses of a bladed disc 
was by Kirkhope and Wilson, published in 1976. They used tapered beam 
elements to model the blade, and used axisymmetric plate and ring 
elements to model the disc and disc rim. The blade loading on the disc 
was assumed to be continuously distributed around the disc in a 
sinusoidal manner. 
A more general approach for applying the finite element method 
to bladed dics was presented by Salama, Petyt and Mota Soares (1976). 
They showed how a complete assembly could be represented by a finite 
element model of one substructure, with a phase difference of e 
iT 
applied 
between the boundaries of the substructure. Here T could take the same 
values as in Hall and Armstrong's method. The same relationship was 
derived independently at CERL by D. L. Thomas (1979), who called it the 
method of complex contraints. Thomas showed how the method could be used 
to analyse forced vibration as well as free vibration. One of the 
examples given was a shrouded HP turbine blade idealised by solid 
elements. The method of complex contraints was used by J. Thomas and 
Sabuncu (1979) to analyse a rotating, bladed disc; the substructure 
consisted of a segment of the disc idealised by sector elements, together 
with one blade represented by aerofoil-cross-section beam elements. 
- 2.11 - 
Complex constraints can be used in conjunction with any type of 
finite element to analyse a structure with cyclic periodicity. It was 
therefore decided to use complex constraints in the present study. 
2.5.2 Packetted Blades 
A blade packet, or group, consists of a small number of blades 
on a rigid disc connected by a coverband or lacing-wires. One of the 
earliest investigations of packet vibration was by Smith (1949), who made 
the approximation that the coverband was elastic but massless. Prohl 
(1958) used a lumped parameter approach, based on beam theory, to 
calculate the natural frequencies of a blade packet. Tuncel et al. 
(1969) used a perturbation method to predict the packet modes from the 
modes calculated for a single blade by beam theory. However, such a 
perturbation method can only work if the effect of the coverband on the 
natural frequencies is small. 
More recent analyses have mainly been based on the finite 
element method. Filstrup (1973) used a substructuring technique to 
analyse a packet of 5 lashed blades. Each blade was represented by 
triangular plate elements. The size of the computing problem was reduced 
by retaining only the first few normal modes for each substructure, and'... 
then generating the modes of the complete packet by the modal synthesis 
method. 
Thomas and Belek (1977) demonstrated a technique whereby the 
natural frequencies of a many-bladed packet could be predicted from the 
frequencies calculated by a finite element model of a two-bladed packet. 
The same method was used by Thomas and Sabuncu (1979) to analyse a 
rotating group of asymmetric-cross-section blades. 
The method of complex constraints, which is an 
" 
exact method for 
complete turbine wheels with cyclic periodicity, has also been applied to 
blade packets by Salama and Petyt (1977). The method, although only 
approximate for a finite number of blades in a packet, was shown to give 
reasonably accurate results in practice. The advantage of this approach 
was that a finite element mesh was required. for Just one substructure. 
CHAPTER 3 
THE FINITE ELEMENT ANALYSIS OF ROTATING STRUCTURES 
This Chapter will provide an introduction to the finite element 
method. The matrix equations of a vibrating and rotating structure will 
then be derived. ' 
3.1 THE FINITE ELEMENT METHOD 
The finite element method is a numerical technique for the 
approximate solution of partial differential equations. It was first 
developed, and has been most widely used, for structural applications. 
In the finite element method, a continuum is represented by a 
mesh containing a number of non overlapping regions called elements, 
which are connected together at discrete points called nodes. For 
structural applications, relationships between nodal displacements and 
the equivalent nodal forces can be derived by the use of energy theorems. 
A continuous structure is thereby approximated by a discretised system 
with a finite number of degrees of freedom. The unknown variables can be 
forces or displacements, or both. The most popular choice for dynamics 
problems is to use nodal displacements as the unknowns - this is called 
the finite element displacement method. 
A set of simultaneous algebraic equations for the unknown nodal 
displacements can be set up, provided that a suitable interpolation 
function is chosen. This interpolation function describes the 
displacement at any point within an element in terms of the displacements 
at the nodes of that element. The large number of unknown variables in 
the simultaneous equations make it convenient to use matrix algebra. 
The approximation implicit in the finite element method arises 
because the displacement field assumed over each element is usually not 
exactly equal to the true displacement field. The finite element 
solution should converge to a reasonable solution as the number of 
elements modelling the structure is increased, provided that the 
interpolation functions satisfy certain conditions. 
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The method is very suitable for problems with complex 
geometries or non-homogeneous material properties. Some useful textbooks 
on the finite element method have been written by Zienkiewicz (1977), 
Cook (1981) and Bathe and Wilson (1976). 
The work described In this thesis is based on the finite 
element displacement method. Suppose 141 is a column-vector giving the 
displacement at an arbitrary point (x, y, z). Let u, v, w be the components 
of Itil in the x, y, z directions, that is 
bil = luov, WiT o9o 
Jýij can be approximated by the use of interpolation matrices, 
[Ni], called displacement shape functions, which are polynomial 
functions of the spatial coordinates. The suffix i means that (Ni] is 
associated with node i of the element. Then 
n I [N: 
i]fail 
(N]fa eI... (3.2) 
J=l 
where n is the number of nodes on one element, 
fail is the displacement vector for node i, 
[N] is the element shape function matrix, given by 
[N] = [[N, ], [N2], 00009 
[Nn]] 
. 9o (3-3) 
and jael is the vector of nodal displacements for one element. It is 
defined by 
la'l - [fall, ja 211 
ja 
n 
l]T 
oe * (3.4) 
The strain vector Icl at any point can be related to the 
displacements at that point by 
JEJ 
- [L]141 *to (3.5) 
where (L] is a matrix containing spatial derivatives. 
Equations (3.2) and (3.5) give 
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lel - [LI[NI[a 
el 
- [B]la 
el 
... (3.6) 
where [B] is called the strain shape function matrix. 
The stress [al at any point can be expressed in terms of the 
strain at that point by the equation 
fal - [D]ICI ... (3.7) 
where [D] is the elasticity matrix for the material. 
The equilibrium equations for the structure can now be derived. 
There are a number of equivalent techniques available for this, such as 
the minimisation of potential energy, the principle of virtual work, or 
the use of Lagrange's equations. The principle of virtual work will be 
used in this Thesis, because this approach can provide useful physical 
insights. 
3.2 PRINCIPLE OF VIRTUAL WORK 
The principle of virtual work states that, for any system in 
equilibrium, the external virtual work done must equal the internal 
virtual work done should the system be disturbed from its equilibrium 
condition. The principle can be expressed either in terms of virtual 
displacements or virtual forces. The theorem of virtual displacements, 
in which a real system of forces and stresses is coupled to a virtual 
system of displacements and strains, will be used here. The physical 
explanation is that, at equilibrium, the difference between the internal 
and external forces must be zero; for any arbitrary virtual displacement, 
the difference between the internal and external virtual work done must 
therefore also be zero. 
Consider a single element in. the body. Assume that it is acted 
on by a set of body forces with a value N at a given point and by a set 
of surface forces jtj, which result in equilibrium stresses 101. 
Let Itil be the eqiulibrium displacement of a point on the 
structure. Suppose the body is then deformed from its equilibrium 
position by a set of arbitrary, virtual displacements 16pl. These will 
be accompanied by a set of compatible virtual strains 16cl In addition to 
the equilibrium strains jej. 
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Then the principle of virtual displacements requires that 
f [64 IT Ibl dV +f [84lTltl dA .f [8E]TI al dv es* (3.8) 
vAv 
The integrals in this equation are over the volume V and 
surface area A of one element. 
If 16ael is defined as the set of virtual nodal displacements 
for one element, compatible with the internal displacement pattern NLI, 
then substitution into equations (3.2), (3.6) and (3.8) leads to 
[6a e]T f [N ]T JbI dV + [6a e]T f [N ]T Itl dA - [6a e]T f [B ]T [a) dV 
vAv 
soo (3-9) 
The above expression must be valid for all values of 16ael, 
because the system of virtual displacements is arbitrary. Therefore 
[6ae]T can be cancelled throughout. Substitution of equations (3.7) 
and (3.6) into equation (3.9) gives 
f [N]'Cfbl dV +f [N ]Tltl dk .f [R]T [DI(B]la eI dv (3.10) 
vAv 
Equation (3-10) is the equilibrium equation for one element. 
In this, all inter-element forces must be included as surface forces. 
However, when the equation is extended. to the whole structure (by summing 
each integral over all the elements), all the inter-element forces cancel 
out in the summation. 
' 
The only surface forces which give non-zero terms 
are those forces acting on the outer surface of the structure. Thus it 
is reasonable to define [tj in equation (3.10) as the surface force 
acting on an external boundary of the structure. 
If there are no external surface forces, equation (3.10) can be 
written as 
[K e] ja el _ lfel .0 See (3.11) 
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where [K 
e] f (B ]T [D][B] dV (3.12) 
v 
= element stiffness matrix, 
and [, e, -f [N ]T JbI dV oot (3.13) 
V 
= vector of equivalent nodal forces due to the body 
forces acting over one element. 
(In equation (3.11), the nodal displacement vector [ael has 
been taken outside the integral because it does not vary over the volume 
of an element. ) 
The corresponding equation for the whole structure is 
[K]Ial - If I- uee 
Here the global matrices [K], fal and jfj are assembled from 
the individual element matrices. For the sake of convenience, the 
element superscript will be dropped in the remainder of this Thesis. The 
assumption will be that all integrals are over the volume of one element, 
and that element matrices are assembled into global matrices. 
Equation (3.14) can be applied to both statics and dynamics 
problems. The next Sections will describe how this can be done. 
3.3 SMALL DISPLACEMENT ANALYSIS - STATICS 
The object of a statics analysis is to find the equilibrium 
displacements and stresses resulting from a static load on a structure. 
The structure must be constrained at some point or points - otherwise it 
would move as a rigid body rather than undergoing strain. 
In order to use the finite element method, the matrices of 
equation (3-14) must be assembled., The nodal force vector JfJ should be 
made equivalent to the static forces acting on the structure. 
Before the stiffness matrix (K] can be set up, expressions for 
the strain shape function matrix [B] and the elasticity matrix [D] are 
required. These expressions depend on the strain-displacement 
relationship and on the stress-strain relationship. The stiffness matrix 
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takes its simplest form if these relationships are linear. The 
assumption of linearity is valid if strains and displacements are small, 
and if the material behaves elastically. Infinitesimal strain theory 
(e. g. Timoshenko and Goodier, 1951) can then be used for the strain- 
displacement relationship: - 
bu 
1 F-1 m 
e x bx 
bv 
e y by 
bw 
e z bz 
... (3.15) 
bu 
+ bv YXY by ax 
ov 
+ bw Yyz ý -z by 
aw + bu YZX bx bz 
By combining equation (3-15) with equations (3.5) and (3.6), a 
[B] matrix which only contains linear terms can be obtained. 
Appropriate constraints should be applied to the stiffness 
matrix, to prevent singularity. Equation (3.14) is then equivalent to a 
set of linear simultaneous equations, which can be solved by a 
straightforward technique (such as Gaussian elimination). Once the nodal 
displacements, jal, have been found, the equilibrium stresses can be 
calculated from equations (3.6) and (3.7). 
3.4 SMALL DISPLACEMENT ANALYSIS - DYNAMICS 
The principle of virtual displacements can also be applied to 
vibration problems, in which the structure is assumed to be in dynamic, 
rather than static, equilibrium. At any instant, stresses in the 
structure balance the dynamic body forces. 
In the case of free vibration, two sets of body forces arise. 
The first is the inertia force, which is a consequence of Newton's Laws 
of Motion. The second body force is that due to the frictional 
resistances opposing the motion, which produce damping effects. 
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If damping is ignored, the body force at a point [r] is due 
solely to inertia, and is given by d'Alembert's Principle: - 
JbI p () 
bt 
000 (3.16) 
where p is the density of the material. In a non-rotating frame, the 
acceleration of the position vector frl is equal to the acceleration of 
the displacement vector [jil. so equation (3.16) can be written as 
JbI --a P Tt2 I I') es# (3.17) 
Combining equations (3.17), (3.13), (3.14) and (3-2) results in 
the equation for undamped free vibration: 
2 
[K]Ial + imi 3t2 fal -0 (3.18) J2 
where [M] f [N ]T p (N] dV - mass matrix. see (3.19) 
v 
The mass matrix of equation (3.19) is called a 'consistent' 
mass matrix, because it is formulated from the same shape functions [N] 
that are used to formulate the stiffness matrix [K]. 
If the vibrational displacements are small, linear elastic 
behaviour can be assumed and infinitesimal strain theory (equation 3.15) 
can be used to form the stiffness matrix [K]. 
Equation (3.18) can be solved by assuming that the nodal 
displacements vary ainusoidally with time, so that the solution is'of the 
form 
fal - fao) e'63t *oe (3.20) 
1 
Here [a 
01 
is the nodal displacement vector at time t-0, and w is the 
circular frequency of vibration in radians per second. The cyclic 
frequency f (in Hertz) is f- w/2n. 
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Equation (3.18) then reduces to the linear eigenvalue problem 
for undamped free vibration: - 
w2 [M]) ja 01-0 ooo 
(3.21) 
This can be solved, by standard techniques, to give the eigenvalues W2 
and the eigenvectors laol. These correspond to the natural frequencies 
and mode shapes of the structure. 
3.5 ACCELERATIONS IN A ROTATING FRAME 
Analysis of the free vibrations of a structure rotating at a 
constant angular velocity requires the inclusion of centrifugal effects. 
This is done by referring to a rotating coordinate system. The inertial 
body force is still given by equation (3.16), but it is no longer 
possible to equate the acceleration of the position vector frI with the 
acceleration of the displacement fill. 
At this stage, it is more convenient to use Cartesian vector 
notation. Cartesian vectors will be underlined, scalar quantities will 
not be underlined. 
Consider a solid body rotating with constant angular velocity !I 
about a fixed axis, with the origin lying on the axis of rotation. Let a 
point on the body be at position vector r, which is fixed relative to the 
rotating body. Then the relationship between the absolute acceleration 
a2r 
of the particle and its acceleration *r* relative to the rotating 
at 
frame is (Kibble, )1973): - 
a21, 
at 2r-r+ 
(2 9x i) +0x (a x r) (3.22) 
The second term on the right is the Coriolis acceleration, and 
the last term is the centripetal acceleration (x denotes the vector 
cross-product). 
This equation is not yet in a form useful for a finite element 
analysis, which requires that all quantities be expressed in terms of 
displacements. The position vector r of, a particle on a vibrating and 
rotating body can be expressed as 
.E- Eo 
+%+4 ese (3.23) 
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Here. Lo is the unstressed position vector of the particle when there is 
no rotation and no vibration, X is the steady centrifugal displacement 
due to rotation, and 4 is the displacement due to vibration. Now i0 and 
ý 
must equal zero, because r0 and X are at rest relative to the rotating 
axes. Substitution into equation (3.22) shows that the inertial force 
acting on the particle is given by 
2 
p-=-p (2p Qxp0x (0 x 
, ty 
r 
-0 
-pQx (0 x x) -pQx (Q x 4) ... (3.24) 
The terms on the right-hand side of this equation are: 
P4 the ordinary inertial force on the particle due to its 
acceleration relative to the rotating frame. 
- 2p 0xý- the Coriolis force. This is an apparent velocity - 
dependent force which arises when a particle moves in a 
rotating frame. Suppose a particle could move through the 
body at a constant velocity. An inertial observer would 
see it move in a straight line. However, an observer on 
the rotating body would think the particle was following a 
curved track. It would seem to him that a force was 
acting on the particle at right angles to its velocity. 
Px (9 x ro) - the centrifugal force acting on a point. E0 on a 
non-vibrating* rotating but unstressed body. 
Px (0 x %) - centrifugal load-correction force. This is the 
additional centrifugal force arising because the particle 
is at the pseudo-static, stressed position (. Lo + X) 
. 
rather than at the unstressed position. Lo. 
p9x (Q x 2) - the Centrifugal Mass force. This is the additional 
centrifugal force which arises because the particle is 
vibrating, and is therefore at a displaced position 
r- EO +X+ ji, rather than at the position (. Eo + %) 
which it would occupy if the body were not vibrating. 
Expressions are required for these forces which do not involve 
the vector multiplier x. It is convenient to assume that the rotating 
frame is defined by the axis and that the body rotates about the k 
axis, so that 
9-9k *to (3.25) 
If the displacement vector 4 has components u, v, w in the. i, j, k 
directions, then 
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ýt - ui + vj + wk S [u, v, w]T . 9o (3.26) 
in the rotating frame. Similar expressions can be written for. EO and 
X. 
Substitution of equations (3.25) and (3.26) into (3-24) and 
reversion to matrix notation leads to 
fbl =- plýI - 2p 9 
'0 
-1 0 jýI +p02100 
ir 
01 
100010 
000000 
L- -i L- i 
p g2 100 [%1 +p02 IIA 
010 
000 
*oo (3.27) 
This equation gives the inertial body force acting on a rotating and 
vibrating structure, in which all the variables are defined relative to 
the rotating frame. All the terms in this expression are functions of 
vibrational displacement 11ij, except for the third and fourth terms on 
the right hand side, which are functions of Irol and JXJ. These 
particular terms expresses, the steady centrifugal force acting at a point 
on a non-vibrating body. 
The physical situation is that of a structure stretched by a 
steady centrifugal force, and then executing infinitesimal vibrations 
about the pseudo-static position under an initial centrifugal stress. To 
use the equation, it is necessary to derive an expression for an initial 
stress stiffness matrix. This requires the use of non-linear large 
displacement theory, because the initial stress matrix is a consequence 
of the non-linear terms in the strain-displacement relationship which ar e 
neglected by small displacement theory. 
3.6 LARGE DISPLACEMENT ANALYSIS 
The basis of large displacement analysis is once again the 
principle of virtual displacements. Consider a body force acting on a 
structure and causing a large displacement. Let the body force have a 
value JbI at a given point, let the equilibrium displacement of this 
point be 1XI, and let the equilibrium stress be [al. Suppose the 
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structure is then deformed from its equilibrium position by virtual 
displacements which have a value 16XI at the point concerned. The 
corresponding virtual strain is then 16cl. The principle of virtual 
displacements states that the external virtual work due to virtual 
displacements must equal the internal virtual work done, so 
f [6X]T [ b) dV -f [6CIT jal dV ... (3.28) 
VV 
Here the integrals are over the current volume V of the 
element, which is different from the initial volume Vi because the 
displacements are large. The aim is to express the r. h. s. of equation 
(3.28) in terms of integrals over the initial volume. In that case, the 
stress and strain must be defined in terms of the initial geometry, and 
formulae for these variables which are valid for large displacements must 
be used. Green's formula for the strain is an exact relationship for any 
size of displacement (Malvern, 1969). The expression for Green's Strain 
JEJ is 
JEJ - (E xx ,E yy ,E zz 9E XY )E yz 9E xz 
]T 
@so (3.29) 
where E 
Lu +L( (Lu 2 by 2+ (by 2 
xx m bx 2 bx) 
+ (6-x) Egxý) 
and E. 
bu 
+ Ly + ((LU . 
bu 
+ (Ly . 
by + (LW . 
LW 
bx by xy by bx bx by) bx by) 
The variables u, v, w are the components of the equilibrium 
displacement JXJ. 
The corresponding stress, which is related to the initial 
geometry and is valid for large displacements, is called the Kirchoff 
Stress ISI. The virtual work Equation (3.28) can therefore be written 
as 
f [67, ]T JbI dV -f [6E ]TIS I dV 
v Vi 
ooo (3.30) 
It is now possible to use the finite element approximations 
16%1 - [N]16ql and 16EI - [i][6qj, where 16ql is the vector of virtual 
nodal displacements, and [g] is the strain shape function matrix. is 
barred to show that it is now a function of the nodal displacements, 
since displacements are large* Equation (3-30) becomes (after cancelling 
out the arbitrary virtual nodal displacements 16ql) 
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fpl Ef (N IT JbI dV -f [ilTISI dV (3.31) 
vvi 
where 1p) is the vector of equivalent nodal forces. 
This is the equilibrium equation which must be solved for the 
equilibrium nodal displacements [qj. The equation is non-linear because 
[ij is a function of jqj. The force vector jpj may also change as the 
geometry of the structure is changed. 
One way to solve the non-linear problem of equation (3-31) is 
to assume that the force vector is increased from zero to its final value 
in small steps. If equilibrium is reached for each force increment, the 
governing equation can be found by differentiating (3-31) 
1API =f [C]T +f [i]T 
vB 
IS) dV iv 
IASI dVi ! -' 
[YT][Aql (3.32) 
[KT] is called the 'tangential' stiffness matrix and is 
itself a function of jqj. 
"4 o. Atliad 61 ZieAýiewiv& 0111) md Cvvýj P-. D. 
NO 
By some lengthy algebra, given explicitly by Kelen (1981 )k it 
can be shown that the first term in equation (3.32) is 
f [AE]TIS) dV [Ks][Aq) 
vi 
Q90 (3-33) 
where [Ks] is called the initial stress or geometric stiffness matrix. 
The formula for [K,, ] is 
[K 
sf 
[G ]T (H][G] dV 
vi 
ýYabx 
where [G] [1 3 
A-y (N], 
[I a 
3 
Yb-z- 
j 
*es (3-34) 
s 
xx 
[1 
31 
S 
XY 
[1 
31 
s 
xz 
[1 
31 
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s 
XY 
[1 
33 gxzl, 33 
s 
yy 
[1 
33 syz 
[1 
33 
s 
yz 
(1 
31 Szzl, 33 
00 
and (1 31 010 
001 
It can also be shown that the second tem in equation (3.32) is 
f [i T JASI dVi - ([K] + [KL]) [, &ql (3.35) 
where [K] f [B ]T [D][B] dV 
vi 
= the usual, Small Displacement Stiffness Matrix 
and [K Ll -f 
[B ]T [D][B 
L] dVi +f 
[B 
L 
]T [DI[B 
Ll dVi +f 
[B 
L 
]T (D][B] dV, 
vivivi 
the Large Displacement, or Initial Displacemento Stiffness 
Matrix. 
Here [B Ll - 
[i] - [B] 
i. e. [B J is the large displacement component of [i3. 
Substituting equations (3.33) and (3.35) into (3.32) gives 
JAPI - [K T3 
lAql - ([K] + [K J+ [KS]) JAqj ... (3.36) 
The solution of this equation is 
jAql = [K TI-1 
IAPI 
ooo (3.37) 
- 3.14 - 
Equation (3.37) can be iterated to allow for any changes in the 
tangential stiffness matrix [KT] arising from changes in the geometry. 
Thus splitting the total force IpI into a series of small 
increments J6pjjp 16P21) allows one to find the total displacement 
from the sum of the displacements jAqjj, jAq211 .... caused by each force 
increment. 
Before the first force increment is applied, there is no stress 
in the structure, so the initial stress matrix [K s] 
is zero. The initial 
displacement matrix [KL] is also zero. Thus the first force increment 
is 
jApll = [KTI[Aqll - [K]lAqll *so (3.38) 
If the displacements and stresses are large but not excessive, 
the full force jpj can be applied in one increment, replacing JAPI and 
JAqj in equation (3.37) by jpj and jqj. Equation (3-37) could then be 
iterated until convergence is reached, remembering that (KT] is 
dependent on the displacements jqj calculated in the previous iteration. 
This is called direct iteration. 
Suppose that one of the methods outlined above has been used to 
determine the displacements and stresses caused by the full force [pl. 
What happens if a further infinitesimal force IdpI is then applied to 
produce an additional infinitesimal displacement jdqj? Equation (3.36) 
becomes 
Idpl - ([Kl + [K J+ [Kj) ldql uee (3.39) 
The values of [KL] and (Ks] can be calculated from the solution of 
the previous non-linear analysis. The problem of equation. (3.39) is 
linear. The assumption is that the stiffness of the structure remains 
constant over an infinitesimal displacement, because the stresses and 
geometry hardly change. 
3.7 FINITE ELEMENT ANALYSIS OF A ROTATING AND VIBRATING STRUCTURE 
The finite element equations for the vibrations of a rotating 
structure can now be derived. Equation (3.27) gives the inertial body 
force (bl acting at a point on such a structure. This body force can be 
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split into two parts. The first part is the static body force 
(b. ) 
caused by the centrifugal force on a non-vibrating body 
lb 
SI -pQ2100 
Ir 
01+p02100 
lkl 
10 ooo (3.40) 
00 
The remaining part is the dynamic body force JbdI produced by 
the vibrational displacements IpI 
Jbdl plill - 2p Q0o 141 
100 
000 
o fill 
0 
0 
o @o (3.41) 
If the vibrational displacements are assumed to be 
infinitesimal, the problem can be analysed in two stages. The first 
stage is a large-displacement static analysis based on equation (3.31), 
with the body force given by [bill. Then 
Ipl z- f[N ]T p Q2 100 ir 01 
dV + f[N]T p g2 00 IXI dV 
v010v00 
000000 
mf [i]T (SI dv 1 000 
(3.42) 
vi 
This equation can be solved by the methods outlined in the previous 
Section, to give the static nodal displacements jqj and the stresses due 
to the steady centrifugal force. 
The second stage'is a dynamic analysis assuming infinitesimal 
vibrational displacements IgI. Let fal be the-vector of nodal 
vibrational displacements equivalent to 191- Since the vibrational 
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displacements are infinitesimal, equation (3.39) which relates an 
infinitesimal change in force to an infinitesimal change in displacement 
can be used, assuming the system is already in large displacement 
equilibrium. It is necessary to equate jal to jdqj, and to equate the 
integral of Jbd1 to Idpl. This gives the dynamic equilibrium 
equation: 
f[N ]T [b 
dl dv m 
([K] + [KL] + [Ks]) lal so* (3.43) 
v 
(It is assumed that the stresses and geometry of the structure do not 
change during vibration. ) Substituting for Jbd1 from (3-41) results 
in 
([K] + [K L] + 
[Ks] - [Kcm]) fal + [C]III + [M][al -0 (3.44) 
where [K] - Ordinary, small displacement, stiffness matrix 
f [B ]T [D][B] dV 1 9*9 
(3.45) 
vi 
[K J- Initial Displacement stiffness matrix 
[K 
s]- 
Initial Stress matrix, given by equation (3.34) - 
[K 
cm 
Centrifugal Mass stiffness matrix (so-called because it 
has the form of a mass matrixý although it is a stiffness 
matrix) 
02 f[N IT p10ý [N] dV 9s. (3.46) 
v010 
000 
[C] - Coriolis matrix 
-29 f[N IT p0 -1 0 (N] dV (3.47) 
v100 
000 
[M] - Mass matrix 
_ f[N]T p [N] dV e. (3.48) 
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It can be shown that the Initial Displacement stiffness matrix 
[KLI vanishes if [K] is computed in the deformed geometry (due to the 
steady centrifugal load) rather than in the initial geometry, 
(Zienkiewicz, 1977). 
The initial stress matrix [Ks] can be evaluated from the 
stresses or displacements calculated in the preliminary statics 
analysis. 
If a solution of the form jal - [a 01 e'wt 
is assumed and 
[KL] is ignored, then equation (3.44) becomes 
([KI + [K 
8]- 
[K 
cm 
]+ ü)[CI _ w2[M]) ja 01-0t. 
(3.49) 
This is a Hermitian quadratic eigenvalue problem. Although the equation 
looks like a damped free vibration equation, the Coriolis matrix [C] is 
skew-symmetric so no energy is lost during motion. (The equation for 
forced vibration can be derived from equation (3.49) by adding a dynamic 
force vector and a damping matrix. But the great uncertainties about 
excitation forces and damping levels mean that forced response 
calculations have little practical value for turbine blades. ) Equation'' 
(3.49) has been derived by Bossak and Zienkiewicz (1973), Thomas and Mota 
Soares (1973) and by Trompette and Lalanne (1975). 
If the centrifugal displacements are not unduly large, the 
change in geometry due to the steady centrifugal load can be ignored, 
and the initial, undeformed geometry of the structure can be used to 
compute [K] for the dynamic analysis. This simplifies the analysis, and 
is justified because a slight change in geometry has a negligible effect 
on the stiffness of the structure. 
It is also convenient to ignore the Coriolis matrix, which 
would require the solution of a quadratic Hermitian eigenvalue problem if 
it were included. It is reasonable to ignore the Coriolis term because 
it behaves like a damping term and it is known from vibrational theory 
that a small amount of damping has a negligible effect on natural 
frequencies. The equation solved in the dynamic part of the analysis is 
then: 
+ [K 
s]- 
[K 
cm 
]- w2 [M]) ja, 1 -0 tot (3-50) 
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This is a linear eigenvalue problem, which differs from the 
standard dynamics eigenvalue problem of equation (3.21) by the addition 
of an initial stress matrix [K 
8] 
and a centrifugal mass matrix [K CM] 
to 
the elastic stiffness matrix [K]. 
So far, a full large displacement analysis for the statics part 
of the problem has been described. This requires an incremental and/or 
an iterative solution. The computing requirements can be considerably 
simplified if it is assumed that the static centrifugal displacements are 
finite but not large. In this case only one displacement increment is 
required, so 1, &pl and jAqj in equation (3.36) can be replaced by [pj and 
jqj- Then, from equation (3.42), we have 
o0 [K 
TI 
[ql = lpl -f [N ]T p g2 010 (r 
01 
dV 
v000 
f [N T] p Q2 () 0 IXI dv 00. (3.51) 
The steady centrifugal displacement 1XI of an arbitrary point 
is given by the finite element approximation [%I - [N]jqj, so the 
equation becomes 
100 
([K] + [K 
S+ 
[KL])Iql -f [N ]T p g2 010 Ir 01 
dV 
v000 
100 
+f [N ]T p 02 010 (N] dV Iql so* (3.52) v000 
L- j 
-The second term on the r. h. s. of this equation is equal to 
[Kcm]lql, where [Kcm] is the Centrifugal Mass stiffness matrix 
of equation (3.46). Here [Kcm]fql represents a centrifugal load- 
correction term, which allows for the fact that the steady centrifugal 
force depends on the final stressed position rather than on the initial 
unstressed position. The equation then becomes 
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100 
([K] + [K 
s+ 
[KL] 
- [KCM]) lql -f [N IT p Q2 010 Ir 01 
dV - lp 01 v000 
*es (3.53) 
where 1pol is the centrifugal force vector corresponding to the 
unstressed geometry. It is possible to iterate on equation (3.53), since 
[Ks] and IKL] are dependent on jqj (they are initially zero). 
However, at moderate rotational speeds, such as those found in power 
station turbines, the matrices [Ks], [KL] and 
[Kcm] have a 
negligible effect on the calculated longitudinal components of stresses 
(Ramamurti and Sreenivasamurthy, 1980). If we ignore these terms, the 
equation becomes 
[K]Iql - [po] . *o (3-54) 
which is the linear elastic statics problem which can be solved by a 
standard statics finite element program. 
It may be asked why it is permissible to ignore [K. ] and 
rK, 
m] in the statics calculation (equation 3.54) if they are 
required in the dynamics analysis (equation 3.50). The reason is that 
the centrifugal forces on turbine blades cause tensile stresses along the 
longitudinal axis of the blades* The fundamental bending modes of 
vibration must do work against these longitudinal stresses. Turbine 
blades are relatively flexible in bending, so their natural frequencies 
can be increased significantly by the longitudinal components of stress. 
Natural frequencies may therefore be sensitive to the presence of the 
initial stress matrix [Ks] and the centrifugal mass matrix (Kcm] 
in the dynamics analysis. But in the statics analysis, the addition of 
[Ks] and (Kcm] to the ordinary elastic stiffness matrix [K] would 
have a negligible effect on the calculated longitudinal components of 
displacements and stresses, because turbine blades are extremely stiff in 
the longitudinal direction. (The transverse components of centrifugal 
stress would be calculated more accurately by an iterative statics 
calculation which included [K, ] and [Kcm], but transverse static 
stresses usually have a negligible effect on the natural frequencies and 
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dynamic stresses of beam-like structures. ) So a linear statics analysis 
ignoring [Ks] and [Y,,, ] will be sufficient, if all that is 
required is an accurate dynamics calculation. 
However, if accurate centrifugal blade untwists and transverse 
centrifugal stresses are also required, it might be necessary to carry 
out an iterative, large displacement statics analysis which included 
[Ks] and [Kcm]. This is especially true for modern last-stage LP 
blades, which are long, thin, highly twisted, and relatively flexible in 
bending and torsion. The high centrifugal forces cause these blades to 
untwist by a few degrees at the tip, and transverse stresses are set up 
at the base of the blade to resist the untwisting. A linear statics 
analysis may overestimate the untwists and transverse centrifugal 
stresses in these blades, even though the longitudinal centrifugal 
stresses would be calculated reasonably accurately. 
CHAPTER 
IMPLEMENTATION IN A COMPUTER PROGRAM 
4.1 INTRODUCTION 
The previous chapter derived the matrix equations for a 
vibrating and rotating structure. The present chapter will describe how 
these equations were implemented in a suite of computer programs, called 
DYSPIN (Kelen, 1980 and 1985), and will discuss the approximations made 
by these programs. The method of complex constraints, the formulation of 
solid isoparametric elements, and the eigenvalue economiser method will 
also be described. 
4.2 EqUATIONS SOLVED 
DYSPIN is based on the CEGB computer programs BERDYNE (Leech 
and Spires, 1977; Fox, 1985) and BERSAFE (Hellen and Flack, 1977; Hellen, 
1982). These programs have been extended to enable DYSPIN to calculate 
the stiffening effects of centrifugal forces and to model structures with 
cyclic periodicity, such as turbine wheels with identical blades. 
4.2.1 Centrifugal Stiffening 
The mathematical derivation of the centrifugal stiffening 
options in DYSPIN was described in Chapter 3. To allow for the effects 
of centrifugal forces on the dynamics of a structure, the first part of 
the analysis is a linear elastic statics calculation using BERSAFE. The 
equation solved is 
[q) - 'Ipol see (4.1) 
where (K] is the stiffness matrix, jqj is the vector of nodal 
displacements and [pol is the centrifugal loading vector corresponding 
to the unstressed geometry. 
The nodal displacements calculated by BERSAFE are used to set 
up an initial stress matrix [K. ] in the second part of the analysis, 
which is an undamped free vibration calculation based on an extended 
version of BERDYNE. The equation solved is 
([K] + rK, 
3] - 
[Kcm] 
_ W2[M]) 
laol 0 o9o (4.2) 
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where: - [K] is the ordinary elastic stiffness matrix, 
[K 
sI 
is the initial stress stiffness matrix, which allows for 
the steady centrifugal stresses present in the 
structure, 
[K 
cm 
I is the 'centrifugal mass' stiffness matrix, which allows 
for changes in the direction of the centrifugal force 
when the structure vibrates, 
is the ordinary mass matrix, 
W is the natural frequency in radians per second, 
[a 
0 
is the mode shape associated with natural frequency, w. 
Equation (4.2) is an eigenvalue equation which is solved to give 
natural frequencies and corresponding mode shapes. The same finite 
element mesh is used for both the statics and dynamics parts of the 
analysis. -rkt soxft4L r%%kmxjricat s, -6R-mt 
(Ow? ktr 5) is MWA AM 
4,.,, %V,, k, _ 
AZI 
anct 
4.2.2 Complex Constraints 
If the structure has cyclic periodicity, the mesh defines just 
one of the identical substructures. The method of complex constraints 
(Salama, Petyt and Mota Soares, 1976; Thomas,, 1979) is used to generate 
the dynamic modes of the complete structure. The method is exact in the 
sense that it gives identical results to analyses using meshes for the 
complete structure. 
A substructure usually has two boundaries which connect it to 
the adjacent substructures. With the method of complex constraintst the, 
vibrational displacements JapI and faql of corresponding nodes on the 
two boundaries are constrained to have equal amplitudes but to differ in 
phase by a fixed phase angle, To That is 
e'T [a I so* (4.3) 
The nodal displacements co-n. 4 be expressed in a cylindrical 
polar r, G, z coordinate system rather than in the cartesian xtytz system, 
if complex constraints are to be applied. This means that a coordinate 
transformation (Section 4.4) should be applied to the stiffness and mass 
matrices. 
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For any structure with cyclic periodicity, the complex 
constraints phase angle in radians may take a number of distinct values 
given by 
2na 
N 
(4.4) 
where N is the number of substructures in the complete structure and a, 
known as the phase angle multiplier, can take integer values 
(0,102,3,... ). Thus when s- 10 T is equal to the angle subtended by the 
substructure. It is possible to generate all the modes of the complete 
structure by carrying out the analysis with s taking each of the integer 
values between 0 and N/2 in turn. (If N is odd, s should take integer 
values between 0 and (N-1)/2. ) If s were assigned values greater than 
N/2, the results would be identical to those obtained using phase angle 
multipliers defined by (N-s). 
In theory, one should distinguish between the phase angle 
multiplier, at and the number of nodal diameters. (This latter term 
represents the number of circumferential waves in the mode shape. ) A 
phase angle multiplier of value s cant in fact, generate modes of the 
complete wheel with a, N-s, N+s, 2N-s, 2N+s ..... nodal diameters. 
However, for a structure such as a turbine wheel, the modes with nodal 
diameter values greater than N/2 correspond to very high natural 
frequencies and do not normally appear within the frequency range of 
interest. It is usually safe, therefore, to equate s with the number of 
nodal diameters. If there is any doubt, a computer plot of the mode 
shape should resolve the issue. 
If the calculated mode 
then complex constraints must be 
and mass matrices. A convenient 
individually is described by Fri 
substructure has four dof and it 
constraint between dof 1 and dof 
shapes are to satisfy equation (4-3), 
applied to the substructure's stiffness 
method of applying each constraint 
cker and Potter (1981). Suppose that a 
is required to apply a complex 
4. Then 
0 0 
a 0 1 0 a 2 2 
0 0 1 a 3 
iT 
a 0 0 4 1 
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It can be shown that the constrained stiffness matrix [KI] is 
given by 
100 e-'T 10 
[KI 0100 [K] 01 
00000 
0 
Note that [K] is pre-multiplied by the complex conjugate 
transpose of the transformation matrix, and that [KI] has dimension one 
less than [K]. The constrained mass matrix is given by a similar 
formula. In this way, each successive complex constraint is applied to 
the current constrained matrices, until all the dof on one boundary of 
the substructure have been constrained. I 
A formal proof of the validity of the method of complex 
constraints is given by Thomas (1979). The proof is lengthy and will not 
be repeated here. However, it is easy to show that equations (4.3) and 
(4-4) are consistent with the observed behaviour of structures with 
cyclic periodicity. For example, such structures have modes of vibration 
with an integer number of waves around the circumference. Modes of this 
type would satisfy equations (4.3) and (4.4). 
If the transformation equation (4.3) is repeated m times, 
the relationship (implied by the method of complex constraints) between 
the displacements on the boundaries of the lst and (m + 1)th 
substructures is 
[a 
p-e 
12nms/N [a 
qI ... 
(4.5) 
When MN the relationship becomes 
[a 
PI=e 
12ns [a 
qI = 
Is. 
qI 
(4-6) 
- 4.5 - 
But if m=N, the transformation is equivalent to a rotation 
around the whole structure, so [apj and Jaqj both refer to 
displacements at the same point which means they must a priori be equal. 
This shows that the modes generated by the method of complex constraints 
satisfy a necessary requirement for modes of a structure with cyclic 
periodicity. 
In the initial statics analysis, equal constraints rather than 
complex constraints should be applied between corresponding dof on the 
two boundaries of the substructure. (If equal constraints are not 
applied, the substructure would not behave as if it were part of a 
complete structure with cyclic periodicity. ) 
4.2.3 Solution of Eigenvalue Equation 
The mathematical methods used to solve the eigenvalue equation 
are described in detail by Whiston (1978). The eigenvalue equation 
(which is complex Hermitian after application of complex contraints) is 
first put into a standard form using Choleski decomposition. The 
resultant symmetric matrix is then transformed into a tridiagonal matrix 
by the Householder algorithm. The eigenvalues are obtained by a 
bisection algorithm utilizing the Sturm sequence property of. symmetric 
matrices. The eigenvectors are then calculated by iteration followed by 
back-transformations to the eigenvectors of the original system. 
4.3 APPROXIMATIONS MADE 
Equations (4.1) and (4.2) incorporate a number of 
approximations. It is assumed that these approximations do not lead to 
any significant errors for structures rotating at 3000 rpm, which is the 
usual operating speed of power station turbines. The approximations 
are: - 
(i) The steady centrifugal displacements are calculated using a 
linear, rather than a large-displacement, statics analysis. 
(ii) The mesh used for the dynamics part of the analysis is not 
modified by the steady centrifugal displacements. (This would involve 
moving the mesh into the pseudo-static position resulting from 
centrifugal loading, about which the structure vibrates. ) The effects of 
centrifugal forces are allowed for solely by the initial stress and 
centrifugal mass matrices. 
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(iii) Coriolis forces are ignored. 
(iv) Aerodynamic and structural damping is ignored. 
(v) Steam bending forces and thermal stresses are ignored. (But 
modified material properties caused by high operating temperatures can be 
accommodated. ) 
(vi) Blade mistuning, due to small differences between the nominally 
identical blades on a turbine wheel, is ignored. 
Approximations (i) and (ii) are valid provided that centrifugal 
strains and deformations are not excessive. The work which will be 
described in Chapter 8 will show that DYSPIN can accurately predict the 
increase in natural frequencies caused by centrifugal forces for last- 
stage low pressure (LP) blades at 3000 rpm. Since these are the most 
flexible blades in a steam turbine and suffer the highest centrifugal 
stresses, the centrifugal stiffening option in DYSPIN should also give 
good results for shorter blades rotating at 3000 rpm. It is possible, 
however, that if rotational speeds are a great deal higher than 3000 rpm, 
or if accurate transverse centrifugal stresses and blade untwists are 
required in long LP blades, then DYSPIN in its present form might not be 
valid (see Section 3-7). 
The justification for approximation (iii) is that Coriolis 
forces have a similar effect to damping terms, and are unlikely to change 
natural frequencies appreciably provided that rotational speeds are not 
excessive. Thomas and Mota Soares (1973) provided numerical evidence 
which suggested that Coriolis forces can be ignored if 0<1, where 
C7 is the rotational speed in revs per second divided by the 
fundamental natural frequency of the non-rotating structure. This 
criterion is normally satisfied by power station turbine wheels. 
Damping levels in steam turbine blades tend-to be very low. 
The effects of damping on natural frequencies are therefore likely to be 
negligible, which is the reason for approximation (iv). 
The justification for approximation (v) is that steam forces 
tend to act transversely on turbine blades, rather than radially. By 
analogy with beams, whose natural frequencies are hardly affected by 
transverse forces, it seems reasonable to assume that steam bending 
forces will not have a large effect on the natural frequencies of turbine 
blades. In addition, the stresses produced by steam bending forces are 
usually considerably'smaller than centrifugal stresses on LP blades. 
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The consequences of assumption (vi) (to ignore blade mistuning) 
were discussed in Chapter 1. 
It would be feasible to extend the DYSPIN system so that it 
includes many of the factors ignored at present, but this would increase 
the complexity and cost of an analysis. 
One of the purposes of the validation study which will be 
described in Chapter 8 was to determine whether the approximations listed 
above are justified for steam turbine blades and wheels rotating at 
3000 rpm. 
4.4 FORMULATION OF SOLID ISOPARAMETRIC ELEMENTS 
An introduction to the finite element method has already been 
given in Chapter 3. The description given there was couched in general 
terms, and was independent of the particular element type used. The 
fundamental problem in the formulation of a finite element is the choice 
of shape functions. These define the displacement at a point within the 
element in terms of the element's nodal displacements. 
Shape functions should satisfy certain conditions, if ýhe 
results from a finite element analysis are to converge towards the true 
solution as more and more elements are used to model an arbitrary 
structure. Shape functions should (i) be continuous within an element 
and-(ii) be able to reproduce conditions of constant strain exactly. 
(iii) In the limit of mesh refinement, rigid-body modes must be present. 
(iv) Elements must be compatible, with no interelement gaps or overlaps, 
so shape functions should be continuous across element bounda I ries. 
Elements which violate requirement (iv) in a coarse mesh are 
called incompatible or nonconforming. Such elements are valid, and will 
give converged results, if the incompatibilities disappear with 
increasing mesh refinement and the element approaches a state of const4ný 
strain. 
Another requirement, which is desirable'but not mandatory, is 
(v) an element should have no preferred directions. That is, the element 
should be geometrically invotrivnL . 
The reasons for the above requirements are discussed at length 
in most finite element textbooks (e. g. Zienkewicz, 1977 and Cook, 1981). 
The class of elements known as lisoparametric' elements fulfil all the 
above conditions. In addition, they can be given non-rectangular and 
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often curved geometries, and their shape functions are simple polynomial 
expressions. For these reasons, isoparametric elements have been widely 
used, and they are particularly suitable for modelling complex three- 
dimensional solid structures. 
Isoparametric elements were first presented by Irons (1966), 
Ergatoudis (1966) and by Ergatoudis et al. (1968). The elements are 
called isoparametric because the shape functions used to represent the 
deformation are also used to represent the geometry. This choice ensures 
that the element displacement functions satisfy the criteria necessary 
for convergence. 
The three basic solid brick isoparametric elements are shown in 
Fig. 4.1. The element shape functions are formulated in a local, 
curvilinear coordinate system (&, -n, C). The &, TI, C coordinates are 
dimensionless and can each vary between -1 and +1, so that in the (&, n, 
C) space the solid element becomes a cube with sides of length 2. (For 
wedge elements, such as the 15-noded wedge, triangular area coordinates 
1,19 L2 and L3-are used in the planes parallel to the triangular end 
faces, and the C coordinate is used normal to these planes. ) 
Solid isoparametric elements have three degrees of freedom at 
each node, which are the three coordinates of displacement along the 
cartesian x, y, z axes. The displacements u, v. w (in the global x, y, z 
directions), at an arbitrary point in the element, are defined by 
nn 
u so jNi ui 9v-jNi vit w-1Niwia so (4.7) iii 
where n is the number of nodes on the element, uis vi, wi are the 
displacements at node it and Ni is the shape function associated with 
node i but evaluated at the point C, Tit C. 
Since the element is isoparametric, the global x, y. z 
coordinates, at an arbitrary point within the element, are defined in 
terms of the local, curvilinear E, TI, C coordinates by the same shape 
functions Ni as the displacements 
xV y-iNi Yip Z-1NiZi ooo (4.8) 
iii 
where xi, yi, zi are the global cartesian coordinates of node i. 
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The shape functions, Ni, are polynomial functions of &, il, 
and belong to the class known as Serendipity shape functions. 
-Particularly concise expressions for the shape functions can be 
derived if some new variables are introduced: - 
mmm 40Z tit ri () 11 ilit c0c ci 
The shape functions of the 'linear'-displacement,, 8-noded brick 
(Fig. 4.1a) are then given-by 
1 
0 
)(1 + tlo)(1 + Co) vee (4.9) 
(where &, W tl, T), = tis, C, = ti) 
The 'quadratic'-displacement, 20-noded brick (Fig. 4.1b) has 
the following shape functions: - 
corner nodes, M ±19 C, M ±1): 
Ni - -g (1 + %)(1 + T10)(1 + Co)(to + Tio + Co - 2) 
oeu (4.10) 
typical mid-side node, (E, = 0, TI, 
N, (1 - ý2)(l +n )(1 + 40 
The 'cubic'-displacement, 32-noded brick (Fig. 4.1c) has shape 
functions defined by: - 
corner modes, (& i. ±1, T), = 
±13, C, M ±1): 
+& )(i + T) )(i +c AqW + T), + 19] 6T 000 
... (4.12) 
typical mid-side node, +1 3, 
Tli 
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Ni 4 (1 - &2)(1 + 9&0)(1 + Tjo)(l + CO) oes (4.13) 6 
Explicit expressions for all the shape functions of these 
elements are given by Hellen (1971). 
Equations (4.7) can be used to define the strain vector jej in 
terms of the element nodal displacements jael 
Ui 
Vi 
w 
Icl - [[Bl]: [B2]: *** : 
IB 0 
nll 
u ti 
v n 
w n 
where 
00 bz 
6N 6N 
i 
ýy ox 0 
6N, bNi 
BN 
ax 
6N, 
0 0 oy 
bN4 
= [B]la el ... (4.14) 
so@ 
0 bz by 
6N bN 
bz bx 
L 
In order to evaluate the strain shape function matrix [B], the 
derivatives of the shape functions Ni with respect to x, y and z must be 
calculated. Since Ni is defined in terms of &, n and C, it is necessary 
to use the relation that 
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8N 8N 
ox 
Fj N BN 
by b'n 
6N 8N 
6z Fj c 
(4.16) 
where [J] is the Jacobian matrix. It can be evaluated by noting that 
ax by bz 
bx 15-T, by YT-1 bz T-71 
bx by bz 
Lb C ac a cj 
9 99 (4.17) 
where the subscripts 1.2, ... n refer to the n nodes of an element. 
The element stiffness and mass matrices were derived in Chapter 
3. These matrices can now be expressed in terms of the curvilinear 
coordinates &, TI, C 
111T 
[K] -fff [B] [D][B] det J d& dq dC so* (4.18) 
]T p and [M] -fff [N [N] det J d& dn dC ... (4.19) 
-1 -1 -1 
where [D] is the elasticity matrix, det J is the determinant of the 
Jacobian matrix, p is the material density, and [N] is the shape function 
matrix defined by 
bN 1 bN 2 bN n 
-j-cp -6-cl ---IMx1 Yi ,i 
bN 1 bN 2 8N 
-6-. n 
=Tj X2 Y2 
, 
Z2 
bN 1 6N 2 bN 
[b -?:, oc 
x; zo 
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N00N200Nn00 
[N] 0N00N20 $6690 0N0... 
(4.20) 
00N100N200Nn 
The integrals in equations (4.18) and (4.19) are evaluated 
numerically by the method of Gauss quadrature, which will be described in 
Chapter 5. 
If the method of complex constraints is being used, the nodal 
C"""40-" itinkly 
dof Can A be expressed in a cylindrical polar r, G, z coordinate system, 
rather than in the. cartesian x, y, z system (Fig. 4.2). The rotational 
translation from cylindrical polar displacements urs uOO w to 
cartesian displacements u, v, w is given by 
P. , 14 
P 
u cose -sinO 0ur 
vsn coso 0u (4.21) 
w001w 
Substituting into equation (4.14) leads to strains at an 
arbitrary point in an element being defined by 
jel - [BI[R] u 
rl 
u 01 
w 
u 
rn 
u On 
w n 
*so (4.22) 
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where the coordinate transformation matrix [R] is 
I 
Fenqa. 
---. qinO, 
000 0 
----I - --- -I 
sin0l cosel 0000 
001000 
000 c0882 -sinO2 0 
. 
.. (4.23) 
and the subscript I refers to node 1, etc. 
By following through the logic of Chapter 3, it can be shown 
that the transformed element stiffness and mass matrices are given by 
[K 
p]- 
[R]T (K][R] 
, 
[M 
p]- 
[R]T[M] [R] 
*as (4.24) 
where [Kpj and 
[Mp] operate on cylindrical polar dOf urs uOs w, 
while [K] and [M] operate on cartesian dof u, v, w. 
4.5 CONDENSATION TO REDUCE THE NUMBER OF DEGREES OF FREEDOM 
The solution of the eigenvalue equation is potentially very 
expensive, particularly if solid finite elements are used. A method is 
therefore required to reduce the number of dof in the final eigenvalue 
equation. The method used in DYSPIN is the node condensationj or 
eigenvalue economiser, technique, invented independently by Irons (1965) 
and Guyan (1965). The eigenvalue equation of free vibration is 
([K] - w2[M])jaj -0 ooe (4.25) 
where [K] is the stiffness matrix (which can include centrifugal 
stiffening effects if the structure is rotating), [M] is the mass matrix, 
w is the natural frequency, and jal is the eigenvector associated with 
the eigenvalue, W2. 
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This equation can be partitioned as follows: - 
KKMMa 
mm ms 
- W2 
MM ms MM0e. 
e (4.26) 
KKMMa 
sm ss sm ss s 
where the m, 'master', dof Jaml are to be retained and the s, 'slave's 
dof [a. 1 are to be removed by condensation. The assumption made is 
that, for the lower natural frequencies, the inertia forces on the slave 
dof are much less important than the elastic forces transmitted by the 
master dof. The inertia of slave dof is therefore ignored, and matrix 
[K]. alone dictates how slaves will follow masters. So all mass but 
[Mmm] is discarded from equation (4.26), giving 
KKM0a 
mm MS 
- w2 
MM m0 (4.27) 
KK00a 
sm ss a 
From the lower partition of this equation: - 
[K 
sa 
]-'[K,, ]Ia 
ml ooo 
(4.28) 
The transformation relationship is therefore 
m [T]la 
m 
1, where [T] see (4.29) 
s ss sm 
Substituting equation (4-29) into (4.26), and premultiplying by 
[T]T gives 
([K 
cond 
]_ (ü2 [M condl) 
ja 
mi = so* 
(4.30) 
where the condensed matrices are 
[K 
cond 
] [T ]T [K][T], (m ]- (T ]T[M] [T] 
cond 
In practice, the slave dof are eliminated one at a time using a 
1wavefront' or 'front solution' approach (Irons, 1970). In this method, 
the assembly of equations alternates with their condensation. Equations 
associated with the first element are added into the system matrices. 
Then the second element specified makes its contribution. If some dof 
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are common only to elements I and 2, then if these dof are slaves they 
can be eliminated at this stage. The assembly-solution process can be 
viewed as a Iwavefront' that sweeps over the entire structure. Dof are 
only eliminated when all the elements they are attached to have been 
assembled. This avoids the need to set up the full, uncondensed, 
stiffness and mass matrices for the system. 
When the eigenvalues, WJ2, an d the eigenvectorso [amj] 
of the condensed system have been found, the slave displacements can be 
recovered by the use of equation (4.28). This is called 'static' back- 
substitution, because it ignores inertia forces. But it is more accurate 
to use 'dynamic' back-substitution, which is based on the lower-partition 
of equation (4.26): - 
[a 
sj 
I-- [K 
ss -w12m ss 
]-l [K 
sm -w12 
msm] [a 
mj) 9*9 
(4.31) 
The method of choosing the masters is very important. The 
eigenvalues calculated are always increased by the condensation process, 
because constraints are imposed. With a careful choice of masters, the 
lower natural frequencies are preserved and found with good accuracy. 
But without a good choice of masters, some of the low frequencies can 
even be lost. 
An automatic selection method has been proposed by Henshell and 
Ong (1975), and this has been found to give excellent results in 
practice. Condensation using equation (4.28)-assumes that the inertia 
terms corresponding to slave displacements have negligible effect on the 
mode shape. This implies that the'terms in [Mss] are small, or 
alternatively. that the [Kss] terms are large. The automatic 
selection method is then to scan the diagonal coefficients of [K] and 
[M], and the dof i for which K ii 
/M 
ii is largest is selected as the first 
slave. Then [K] and [M] are condensed (by one order). The condensed 
matrices are now scanned, and the process is repeated until a user- 
specified number of master dof remain. When this automatic selection 
method is combined with the front solution, dof do not become eligible 
for elimination until the specified number. of masters have been 
assembled. The choice for the first slave to be eliminated can then only 
be made amongst the dof which have been assembled at that stage in the 
front solution. This does not caus e any problems in'practice, and the 
automatic selection algorithm is. used by DYSPIN. 
(c) 
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CHAPTER 5 
NUMERICAL INTEGRATION METHODS FOR 20-NODED SOLID ELEMENTS 
5.1 INTRODUCTION 
All isoparametric elements require the use of numerical 
integration for the evaluation of stiffness and mass matrices. In common 
with several other isoparametric elements, the performance of 20-noded 
bricks (called EZ60R elements in DYSPIN) can be significantly improved if 
a particular low-order numerical integration rule is used for the 
stiffness matrix. This is known as 'reduced' integration. The improved 
performance resulting from reduced integration is essential for the 
dynamics analysis of turbine blades with EZ60R elements, if the required 
accuracy in the calculated natural frequencies is to be obtained without 
an excessively large mesh and computing cost. 
Unfortunately, there is a drawback to the use of reduced 
integration with 20-noded brick elements. There are certain meshes which 
may have one or more spurious natural frequencies appearing in the 
frequency range of interest when reduced integration is used. These 
spurious frequencies are associated with complex, non-physical mode 
shapes and are known as spurious modes. (The acuracy of the other, non- 
spurious, calculated frequencies is not affected by the presence of a 
spurious mode. ) 
There are ways to identify and disregard spurious modes, but it 
would obviously be preferable if they did not occur. The work described 
in this Chapter had the aim of finding a method of numerical integration 
of 20-noded bricks which would retain the improved performance of reduced 
integration, but which would at the same time eliminatev or greatly 
reduce, the possibility of spurious modes. The methods investigated were 
various types of 'selective' integration and a new method called 'mixed' 
integration. The theory of these methods is described in this Chapter, 
and their performance is compared with that of reduced and higher-order 
integration rules for a number of test cases. 
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5.2 BACKGROUND INFORMATION 
The stiffness and mass matrices of a finite element are given 
by 
[B ]T [D][B]dV 
.. 0 (5.1) 
[M] f [N ]Tp [N]dV sto (5.2) 
v 
where V is the volume of the element, [NJ is a matrix of shape functions, 
[B] is a matrix of shape function derivatives, [D] is the elasticity 
matrix, and p is the material density. 
When equations (5.1) and (5.2) are expressed in the local 
curvilinear coordinate system, they become 
111 
[K] -fff [B ]T [D][B] det J dt dn dC so* (5.3) 
-1 -1 -1 
111 
and [M) -fff [N ]Tp [N] det J dý dn dC so* (5.4) 
-1 -1 -1 
where det J is the determinant of the Jacobian matrix [, T] relating the 
local curvilinear coordinates to the global coordinates, and [B] and [N] 
are now functions of the curvilinear coordinates, ý, n, C. 
. Expressions for [N], (B] and [J) were given in Chapter 4 for 
isoparametric brick elements. 
5.2.1 Ga ss Quadrature 
The polynomial functions in equations (5.3) and (5.4) are 
complicated, -and analytic integration is not practical. Numerical 
integration is therefore necessary. The method usually employed in 
finite element programs is Gauss quadrature, where the function is 
sampled at certain optimised positions (Gauss points) within each 
element, multiplied by-a Gauss weight, and the resulting product is- 
summed over all the sampling points. In one dimension: - 
1n 
f F(QdC = 7, Hi F(C i) 
-1 1-1 
060 (5.5) 
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where F(&) is the function to be integrated, ti is the value of t at 
the ith Gauss point, and Hi is the Gauss weight corresponding to that 
Gauss point. If n (unequally-spaced) Gauss points are used, then a 
polynomial of degree 2n-1 is integrated exactly. One-dimensional Gauss 
quadrature can be extended to three dimensions, when the corresponding 
formula is 
111nnn 
ff G(&o 71, Q dC d-n dC -III Hi Hj Hk G(Ci, T'j I Ck) 
i-1 J-1 k-1 
e9* (5-6) 
Here G(&, 71, Q is the function to be integrated, Hi, Hj and Hk are 
equal to the one-dimensional Gauss weights, and (&i, i1js CO are 
the curvilinear coordinates of one of the Gauss points. 
A fuller description of Gauss quadrature can be found in 
Zienkiewicz (1977). 
5.2.2 Complete Integration 
In any analysis using EZ60R elements, a decision must be made 
on the number of Gauss points to be specified for the integration of the 
stiffness and mass matrices. In general, the Gauss quadrature solution 
will approximate more and more closely to the analytic solution of the 
integrals, the larger the number of sampling points employed. However$ 
it has been found by experience that the use of 3x3x3 Gauss points 
gives virtually the same accuracy as higher-order Gauss rules. The 3x3 
x3 rule therefore provides a good approximation to the stiffness and 
mass matrices of equations (5.3) and (5.4) and this integration rule is 
often called 'complete'. 
20-noded brick elements, using complete integration, have been 
found to give good results when the elements in the mesh have straightt 
rectangular sides and do not have excessive aspect ratios (ratio of 
length to thickness). However, when the elements have skewedt non- 
rectangular shapes, or when the sides are highly curved, or the structure 
is thin, complete'integration does not give such impressive performance. 
A very large number of elements may then be required in the mesh before 
converged results, or acceptable accuracy, is obtained. This is a 
serious problem, because solid elements have many degrees of freedom, and 
a large number of elements implies an expensive computing problem. 
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Similar deterioration in performance has been noticed with 
other isoparametric elements, whenever the elements have curved sides, 
skewed geometries, or have non-centred midside nodes. See, for example, 
Fried (1973), Stricklin, Ho, Richardson and Haisler (1977) and Cook, W. A. 
(1981). 
The slow convergence rates associated with distorted and curved 
elements are a consequence of the nature of the isoparametric 
formulation. With isoparametric elements, the same shape functions are 
used for both the displacements and the geometry. The performance of an 
element depends on the order of the complete polynomials contained in the 
element displacement functions when these are expressed in the global 
coordinate system (x, y, z or r, 0, z). Although an isoparametric 
element may contain a high-order complete polynomial within its 
displacement functions in the local curvilinear systemýt&, 'n, Q, the 
transformation from local to global coordinates depends on the functions 
assumed for the element geometry. If the element has straight 
rectangular sides, the element geometry functions degenerate into 
expressions which only contain linear polynomials in (Cook, W. A., 
1981). The result is that the displacement functions are transformed 
from local to global x, y, z coordinates without any reduction in the 
order of polynomial terms contained in them. However, if the element has 
a highly distorted shape, the element geometry functions will contain 
polynomials which are of the same order as those in the displacement 
functions (when the functions are expressed in-local coordinates). Thus 
the displacement functions, when transformed into global coordinates, may 
not contain a complete polynomial of higher order than linear (Fried, 
1973 and Cook, W. A., 1981). There is thus-a deterioration in performance 
when complex isoparameteric elements are distorted. 
Many isoparametric elements, including the 20-noded brick, 
perform badly when they are modelling long, thin structures in bending, 
even if-the elements have rectangular geometries. The problem is that 
when these element have high aspect ratios they overestimate the shear 
strain energy in bending modes. This is often called 'shear locking'. 
The-same phenomenon has been observed in many plate and shell elements 
derived from isoparametric solid elements. - The reasons for shear locking 
are discussed by Cook (1981). 
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5.2.3 Optimal Stress Sampling Points 
Regardless of the shape of the element or the order of 
numerical integration employedg the stresses calculated at the nodes of 
isoparametric elements are often considerably less accurate than the 
calculated displacements. For certain problems, some of the calculated 
components of stress can oscillate considerably across each element 
(Hinton and Campbell, 1974). 
Experience has shown that, for many isoparametric element 
types, there are optimal sampling positions within the element where the 
calculated stresses and strains are likely to be more reliable. In the 
case of the 20-noded brick, these optimal stress sampling positions 
coincide with the 2x2x2 Gauss quadrature points. (These points have 
curvilinear coordinates with values of ±1/v/3. ) This is true, 
irrespective of the order of numerical integration used to evaluate the 
stiffness matrix. Indeed, it is a recognised practice when using 20- 
noded bricks to calculate stresses at the 2X2X2 Gauss points rather 
than at the nodes. If stresses at other positions are required, then 
these should be extrapolated from the values at the 2x2k2 Gauss 
points. (An extrapolation algorithm is given by Hinton et al., 1975. ) 
Why are calculated stresses and strains often considerably less 
accurate than calculated displacements? The primary variables in any 
analysis based on the finite element displacement method are the nodal 
displacements. Stresses and strains are secondary variables, which are 
calculated by differentiating the assumed displacement function, and are 
therefore likely to be less accurate than the nodal displacements. 
Why are the 2x2x2 Gauss sampling positions the optimal 
locations in the 20-noded brick for sampling stresses and strains? 
Herrman (1972) has shown that the strains calculated by the finite 
element method represent a least square approximation to the actual 
strains in a structure. Although this least square fitting is implied on 
a weighted global scale, Ijoan (1973) has shown that, as the number of 
elements increases, this corresponds to an unweighted least square 
approximation carried out independently over each element. 
Approximations which minimise the squared error tend to. oscillate about 
the exact values, thus the stresses and strains obtained from a finite 
element analysis would be expected to show an oscillatory behaviour. 
This is, indeed, observed in practice. There should then be certain 
locations within each element where the calculated and true strains are 
identical. 
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The locations for this exact stress sampling are obviously 
problew-dependent. However, Barlow (1976) has proved algebraically that 
if the EZ60R displacement functions are used to approximate an actual 
displacement field which is a complete cubic polynomial, then the 
stresses calculated at the 2x2x2 Gauss points will have the same 
order of accuracy as the nodal displacements. (Elsewhere in the element, 
stresses are likely to be less accurate than nodal displacements. ) This 
proof was valid for both undistorted and distorted elements. 
5.2.4 Reduced Integration 
Complete integration of 20-noded brick elements using 3x3x3 
Gauss points gives results with similar accuracy to the higher-order 
Gauss rules (4 x4x4 etc. ) as discussed in Section 5.2.2. it has been 
found, however, that the use of a lower-order rule, namely 2x2x2 
Gauss points, to evaluate the stiffness matrix of these elements often 
dramatically improves the accuracy of an analysis (Bossak and 
Zienkiewicz, 1973). This is known as 'reduced' integration. 
The effects of reduced integration with EZ60R elements can be 
summarised as follows: - (i) For a given mesh, there is usually a gain in 
accuracy when 2x2x2 Gauss points, rather than high-order rules, are 
ued for the stiffness matrix. (ii) The number of elements needed to 
obtain converged results is smaller when reduced integration is used. 
(iii) The improvement in performance is most marked when the elements in 
the mesh have highly-distorted geometries or have high aspect ratios. 
(iv) Even with reduced integration, there is still a maximum permissible 
aspect ratio above which the element will give poor results (Cook, 1981; 
Fezans and Verchery, 1981). This is probably because of numerical 
difficulties caused by the finite word length in the computer program* 
Very thin structures can still be analysed successfully, but a sufficient 
number of reduced-integration elements must be used to prevent excessive 
aspect ratios in individual elements. (v) Convergence with reduced 
integration is not necessarily monotonic. However, as the mesh is 
refined, the results with reduced integration do converge towards the 
true solution (Zienkiewicz and Hinton, 1976). (vi) With certain meshes, 
one or more spurious modes with non-zero frequencies may sometimes appear 
amongst the calculated modes. (vii) If there is a spurious mode, the 
accuracy of the non-spurious modes is unaffected. The spurious frequency 
is almost always associated (in practical meshes) with a highly 
implausible mode shape. 
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The EZ60R element is not unique in showing improved accuracy 
with reduced integration. Similar improvements in performance have been 
reported in the literature when reduced integration has been used with 
other element types and with other types of analyses. Some, but not all, 
of these other element types suffer from the possible occurrence of 
spurious modes with reduced integration. 
The gains in accuracy arising from reduced integration were 
first discovered by Zienkiewicz, Taylor and Too (1971) and independently 
by Pawsey and Clough (1971); both sets of workers were investigating the 
Ahmad thick-shell element. 
The 2D equivalent of the 20-noded brick is the plane quadratic 
isoparametric element and Backlund (1978) has shown that this element 
performs best with 2x2 Gauss point integration, particularly when the 
element has a distorted shape. 
Reduced integration also gives improved results in calculations 
for nearly-incompressible materials (e. g. Naylor, 1974) and with certain 
beam, plate and shell elements when they have very high aspect ratios 
(e. g. Pugh, Hinton and Zienkiewicz, 1978). 
The reduced integration rule for linear-displacement elements', 
such as the 8-noded isoparametric brick, is the one-point Gauss rule. 
The location of the single Gauss point is at the origin of the local 
curvilinear coordinate system, which is the optimal stress sampling 
position for these elements (Barlow, 1976). Reduced integration is not a 
practical option with the 8-noded brick because there is a very serious 
problem with spurious modes. 
With cubic isoparametric, elements, such as the 32-noded brick, 
the reduced rule uses 3 Gauss points in each coordinate direction. 
Experience has shown that reduced integration produces only a slight 
improvement in the accuracy of cubic displacement elements. 
The phenomenon of obtaining improved accuracy from a low order 
Gaussian integration rule is, at first, surprising - (Normally, we would 
expect a high order Gauss rule to provide a more precise evaluation of an 
integral than a low-order rule. ) However, we should distinguish between 
the actual strains present in a structure and the finite element 
representation of these strains. The strains calculated by the finite 
element method tend to oscillate about the actual strains. The assumed 
strains are not necessarily very close to the actual strainsq except at 
certain optimal stress and strain sampling locations within each element 
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(which happen to coincide with the reduced integration Gauss points). 
The accuracy of the stiffness matrix calculated by the finite element 
method depends on the accuracy of the assumed strains. The integral of 
equation (5.3) for the element stiffness matrix is a function of the 
strain shape function matrix, [B], which also determines the assumed 
strains. If the assumed strains do not correspond very closely with the 
actual strains in the structure, a precise evaluation of the integral of 
equation (5.3) (as provided by a high order Gauss rule) is not 
necessarily the most accurate estimate of the actual stiffness of the 
structure. 
On the other hand, the strains calculated at the 2x2x2 
Gauss points are likely to be more accurate than strains calculated at 
other Gauss locations. The effect of reduced integration is to fit a 
polynomial 'smoothing function' through the values of the integrand, 
[BIT(D][B]det J, of equation (5.3) sampled at the 2x2x2 Gauss 
points. Variations of the integrand elsewhere in the mesh (corresponding 
to oscillations of the assumed strains) are ignored. Reduced integration 
therefore often provides a better estimate than higher order Gauss rules 
of the actual stiffness of the structure (Barlow, 1977). 
Another explanation for the improved performance of reduced 
integration is that certain types of problems can be formulated in terms 
of a penalty function (Zienkiewicz, 1977). These problems include- 
calculations for nearly-incompressible materials (when Poisson's ratio v 
is close, to 0.5) and calculations using elements with high aspect ratios. 
In the limit, as v approaches 0.5, or as aspect ratio become very large, 
the penalty-function contribution tends to dominate the stiffness matrix 
and results are poor. But if reduced integration is employed, the 
penalty-function contribution becomes singular and results improve. 
5.2.5 Spurious Modes 
There is a-serious drawback to the reduced integration of 20- 
noded bricks, and this is the occasional occurrence of spurious modes 
with certain meshes. These can arise in both dynamics and statics 
analyses. The calculated natural frequencies or displacements associated 
with spurious modes are likely to be meaningless. Spurious modes can 
often be recognised by plotting mode shapes or displacements, which are 
usually physically implausible. 
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An example of spurius results from a statics analysis using 
reduced integration was given by Irons and Hellen (1975) who calculated 
the radial displacements of a very thin cylinder under internal pressure. 
The cylinder was modelled by 20-noded brick elements. The results using 
complete integration appeared to be reasonable, but the displacements 
calculated with reduced integration oscillated around the circumference, 
presumably because there was a large spurious component in the solution. 
Bicanic, and Hinton (1979) reported similar phemomena when 
reduced integration was used for meshes consisting of plane quadrilateral 
isoparametric elements. A number of spurious modes were present in the 
solution alongside other, non-spurious, modes. The spurious modes, 
recognisable by their weird. mode shapes, were sometimes associated with 
zero strain energy and sometimes with finite strain energies, depending 
on the mesh. The spurious modes did not appear when complete or 
selective integration was employed. 
In a dynamics analysis the presence of a finite-frequency 
spurious mode is more dangerous than a zero-frequency mode. Zero- 
frequency spurious modes (sometimes called 'mechanisms') can easily be 
identified and ignored; spurious modes in the frequency range of interest 
are more difficult to identify. Two possible ways of recognising 
spurious modes are: (I) plot all the mode shapes -a spurious mode 
usually appears physically unrealistic. (ii) repeat the analysis with 
complete integration - the spurious modes will disappear from the 
frequency range of interest. 
In a statics analysis, on the other hand, the presence of a 
zero strain-energy spurious mode would mean a singular stiffness matrix 
with a zero determinant, so the inverse of the stiffness matrix would not 
exist and the statics problem could not be solved. The presence of a 
spurious mode with a very low, but non-zero, strain energy would be very 
dangerous. A solution could be obtained, but the spurious component in 
the solution might be large because of the very low modal stiffness* 
Why do spurious modes sometimes arise with reduced Integration, 
whilst they do not appear with higher-order integration rules? The 
reasons are connected with the rank of the stiffness matrix, i. e. the 
number of linearly-independent row or column vectors in the matrix. The 
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eigenvalue equation for free vibration is ([K] - W2[M]) [aOJ - 0. If the 
set of simultaneous equations represented by the equation is to have a 
solution with no spurious modes, the stiffness and mass matrices should 
have sufficient rank. The total number of independent relationships 
supplied by the numerical integration points should be greater than or 
equal to the required rank, which for the stiffness matrix is equal to 
the total number of degrees of freedom (d. o. f. ) minus the number of rigid 
body modes. For the mass matrix, the required rank is equal to the total 
number of d. o. f. 
The most severe case is a one element mesh with no constraints. 
The required rank for the stiffness matrix is 54, which is the number of 
d. o. f. (60) minus the number of rigid body modes of an unconstrained 
structure (6). Each integration point supplies a number of relationships 
which, in the case of the stiffness matrix, is given by the number of 
strain components represented by the [B] matrix (Zienkiewicz and Hinton, 
1976). With a solid element, the [B] matrix represents 6 strain 
components (3 direct strain components and 3 shear strain components) so 
each integration point supplies 6 independent equations. If reduced 
integration is used for the stiffness matrixt the 2x2x2 Gauss points 
cannot produce a rank greater than 2x2x2x6- 48, which is 6 less 
than the required rank of 54.1 
In practice, a dynamics analysis of a single unconstrained 
element (Section 5.4.1) using 3x3x3 Gauss points shows the expected 6 
zero-frequency rigid body modes. When 2x2x2 Gauss points are used 
for the stiffness matrix, there are 12 zero-frequency modes, 
corresponding to 6 rigid body modes plus the 6 zero-frequency spurious 
modes caused by the rank deficiency of 6. All the zero-frequency modes 
have zero strains at the 2x2x2 Gauss points. 
When there is more than one element in a mesh, the ratio of 
integration points to d. o. f. is much higher than for a-single element, 
because many nodes are shared between adjacent elements. But the problem 
of rank deficiency with reduced integration might not disappear, because 
the relationships supplied by the Gauss points are not necessarily all 
independent. 
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The majority of practical meshes do not have any spurious zero- 
energy modes, particularly after constraints have been applied. However, 
a spurious mode with a finite frequency is occasionally found in the 
reduced integration solution. The spurious mode shapes usually involve 
severe distortions of the individual elements, and they do not normally 
correspond to a possible mode shape of the real structure in the 
frequency range of interest. 
A finite-frequency spurious mode, arising from reduced 
integration, has a mode shape which could also have been predicted by 
complete integration but which would have corresponded to a much higher 
natural frequency. The individual elements, in the spurious mod, e, are 
deforming into patterns which happen to have unrealistically low strains 
at the 2x2x2 Gauss points. The corresponding natural frequency 
calculated by reduced integration is therefore too low. The deformation" 
patterns of the individual elements are probably similar to the mode 
shapes of the single-element zero-frequency spurious modes. Since the 
deformations may not be exactly the same as the single-element modes, 
they correspond to finite, rather than zero, frequencies. (Some other 
finite element types have single-element spurious modes whose mode shapes 
are not compatible between adjacent elements in ti mesh. These element 
types do not suffer from spurious modes with practical meshes which 
contain more than one element. An example of such an element type is the 
8-noded plain strain quadrilateral isoparametric element - see Bicanic 
and Hinton, 1979. ) 
The other consideration is the number of Gauss points required 
for the mass matrix. Unlike the stiffness matrix, the accuracy of the 
mass matrix is relatively insensitive to the order of numerical 
integration employed. But the mass matrix must be positive definite to 
enable a solution for the eigenvalue problem which means that the full 
rank is needed. Each numerical integration point contributes 3 to the 
rank of the EZ60R mass matrix, corresponding to the component of Inertia 
in each of the 3 coordinate directions. The required rank for a single 
unconstrained element is 60, equal to the number of d. o. f. Reduced 
integration would only supply a rank of 2x2x2x3- 24. But 
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3x3x3 Gauss points would provide sufficient rank, so a3x3x3 rule 
should be used for the mass matrix even if a reduced rule is used for the 
stiffness matrix. 
5.3 OTHER METHODS OF NUMERICAL INTEGRATION 
It would obviously be desirable to devise a method of numerical 
integration which would eliminate the possibility of spurious modes, but 
which would retain the improved performance of reduced integration. In 
an attempt to find such a method, a number of techniques for the 
'selective' and 'mixed' integration of EZ60R elements were developed, and 
their performance evaluated with a variety of test meshes. 
5.3.1 Selective Integration 
The first group of methods considered is based on the 
'selective' integration of the stiffness matrix. This concept has been 
applied to other element types with some success - see for example) 
Hinton, Salonen and Bicanic (1978) or Bicanic and Hinton (1979) - but has 
not, as far as the author is aware, been applied before to 20-noded solid 
elements. 
The approach used in selective integration is to split the 
stiffness matrix, [K], into two separate parts such that [K] - [KA] + 
[KB]. Reduced integration is used for one part of the stiffness 
matrix, and complete integration for the other. The hope is that reduced 
integration is used for that part of the stiffness matrix which has the. 
greatest influence on the accuracy of the element, whilst complete 
integration of the other part supplies sufficient rank to the overall 
matrix to prevent any spurious modes. The difficulty is in deciding on 
the best way to split [K]. A desirable feature of the resulting element 
is that it should give results independent of its orientation in space. 
That is, the expressions for [KA] and IKBI should be symmetric with 
respect to the global coordinates. Two approaches which retain this 
feature and which may also have some physical validity are: 
M splitting [K] into a direct strain stiffness matrix and a shear 
strain stiffness matrix, and (ii) separating [K] into a volumetric 
stiffness matrix and a distortional stiffness matrix. These are 
described in more detail below. 
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5.3.1.1 Selective integration of the shear strain and, 
direct strain stiffness matrices 
The elasticity matrix LDJ for an isotropic material is given 
by 
(1-v) v v 0 0 0 
v G-V) v 0 0 0 
v v (1-v) 0 0 0 
0 0 0 (LV) 2 0 0 
0 0 0 0 (LV) 2 0 
0 0 0 0 0 (Lv) 2 
es* (5.7) 
where E is Young's Modulus and v is Poisson's Ratio. The first 3 columns 
and rows of [D] operate only on the direct components of strain (C x, Cy 
c_) and the last 3 columns and rows of [D] operate only on the shear 
strain components (y 
xy y yz ,y zx 
) (c. f. equations 3.10 and 3.15). We can 
therefore write [D] = 
ýD 
dir3 + 
[D 
shl' where 
(1-v) v v 0 0 0 
v (1-v) v 0 0 0 
v v (1-v) 0 0 0 
dir (1+v)(1-2v) 0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 
- 
. es (5.8) 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
and [D 
E0 
shl -(-1+v)(1-2v) 
0 0 (LV) 2, 0 0 
0 0 0 0 (. 2LV) 0 
0 0 0 0 0 v) 2 
»es (5.9) 
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The total stiffness matrix [K] can then be separated into a 
direct strain stiffness matrix [K dir 
] and a shear strain stiffness matrix 
[K 
sh]: - 
[KI - [K dir 
]+ [K 
sh 
]-f [B ]T [D 
dir 
][BI dv +f [B]T [D 
sh 
][B] dV 
000 (5.10) 
Different orders of numerical integration can be used for 
(K 
dir 
] and (K shl' 
5.3.1.2 Selective integration of the volumetric and 
distortional stiffness matrices 
The total strain-energy of a material under strain can be 
separated into a volumetric, strain energy, which is due to the change in 
volume, and a distortional strain-energy, which is due solely to the 
distortion (Timoshenko and Goodier, 1951). 
The volumetric strain energy in a given volume V is 
E (ex + ey + cz) 
2 
Vol V 
(1-2v) ooo 
]T 
u 
Vol can 
be expressed in terms of ICI - [CX ,CyC Z9 Y xyq 
YyzP 
YZX as follows: - 
1 u 
Vol 
f [CIT (Dvol]Jej dV ... (5.12) 
V 
0 0 0 
1 0 0 0 
where [D 
E 1 0 0 0 
Vol 3ý1-2v) 0 0 0 0 0 0 
0 0 0 0 0 0 
-0 
0 0 0 0 0- 
The total strain energy, U, is 
strain energy, U 
Vol, and 
the distortiona 
therefore be separated into a volumetric 
distortional stiffness matrix [K dist]: - 
the sum of the volumetric 
L strain energy, U dist* 
[K] can 
stiffness matrix [Kvoll and a 
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[K] - [KV011 + [K dist 
f [B ]T [D 
Vol 
][B] dV +f [B ]T (D dist 
][B] dV 
VV 
-** (5.14) 
2 1 0 0 0 3 3 
2 0 0 0 
1 2 0 0 0 
where [D E dist 1+v 
37 37 T 
0 0 0 2 0 0 
0 0 0 0 1 2 0 
0 0 0 0 0 2 
999 
Again, [Kvol] and [K dist] can be integrated separately, 'using 
different orders of numerical integration for each matrix. 
5.3.2 Mixed Integration 
As an alternative to selective integration, a new method of 
numerical integration, called 'mixed' integration, was developed. This 
method involves carrying out the numerical integration of the stiffness 
matrix twices the first time using a reduced integration rule (2 x2x2 
Gauss points) to form [KrI, and the second time using a different order 
of numerical integration (such as 3x3x3 Gauss points) to form 
[Kc]. 
The final stiffness matrix is formed by taking a weighted sum of (KrI 
and [Kc]: - 
[KI - (1 - ß)[K r]+ 
ß[K 
c1ooo 
(5-16) 
where 0 is a weighting factor (usually very small)'between 0 and 1. 
The idea behind the method is that a spurious mode shape 
produced by reduced integration could also be predicted by complete 
integration, since it is a mathematically feasible mode of the finite 
element mesh. But the natural frequency and modal stiffness calculated 
for the spurious mode by complete integration should be much higher than 
those calculated by reduced integration, because of the physically 
implausible nature of the spurious mode shape. on the other hand$ the 
modal, stiffness and corresponding natural frequency calculated by reduced 
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integration and by complete integration for a correct (non-spurious) mode 
would not differ by such large amounts. Adding a small contribution from 
the complete integration stiffness matrix, [Y. C], to the reduced 
integration stiffness matrix, [KrIs should hopefully have the effect of 
greatly increasing the frequencies of any spurious modes, without much 
change to the frequencies of the correct modes. The improved accuracy of 
reduced integration for the correct modes should therefore be retained 
with mixed integration, but the spurious modes should have their 
frequencies pushed up out of the range of interest. 
In a statics analysis, the modal stiffness of any spurious mode 
should be increased by mixed integration, so the spurious component in 
the overall statics solution should be diminished. 
The best value for the weighting factor, P, will be problem- 
dependent. An acceptable default value for P has to be determined 
empirically by carrying out numerical tests on a variety of test meshes. 
(A related idea has recently been proposed by Cook and Zhao-Hua 
(1982) to control spurious modes in the 9-noded plane isoparametric 
element. However, their method was to mix the stiffness matrices from 
two different element types, rather, than from two different integration 
orders. ) 
1 5.3.3 Coding the Alternative Integration Methods 
Selective and mixed integration were coded as alternative 
options for the 20-noded brick. The purpose was to compare the 
performance of these methods with those of reduced and complete 
integration, using various test meshes. All the options used 3x3x3 
Gauss points for the mass matrix, to ensure that the Mass matrix would, 
always be positive-definite. The selective and mixed integration methods 
were described above as involving the summation of two separate matrices 
to form the final stiffness matrix. To save computer storage, these 
additional matrices were not set up explicitly., Instead, corresponding 
terms of the separate matrices were evaluated individually, added 
together, and placed directly into the appropriate location in the final 
stiffness matrix. 
Two alternative approaches for selective integration were 
described above. The first approach was to create direct strain and 
shear strain stiffness matrices, [K dir 
] and [K Vol 
]. It was not clear 
before the numerical tests which of these two matrices would prove to be 
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more important for the performance of the element. It was therefore 
decided to code two distinct options for this approach. The SELECTDIRECT 
option used reduced integration for [K ] and complete integration for dir 
[K 
sh 
]. The SELECTSHEAR option used reduced integration for [K sh 
I and 
complete integration for (K dirl' 
The other selective integration approach was to create 
volumetric and distortional stiffness matrices, [Kvolj and [K dist]' 
Again, two distinct options were'coded. The SELECTVOL option used 
reduced integration for [KVol] and complete integration for [Y, distlp 
while the SELECTDIST option did the opposite. 
The mixed Integration method was based on equation (5.16). Two 
options were coded: The MIXED option used 3x3x3 Gauss points for 
[Kc], and was the option which had theoretical justification. The 
MIXEDCENTRAL option used a1x1x1 Gauss rule to evaluate [Kc]V and 
was only coded on the off-chance that a single, central Gauss point might 
suffice. Three different values for the weighting factor, 0, were 
investigated with the MIXED option - these were 0.01,0.001 and 0.0001. 
The only value of 0 used with the MIXEDCENTRAL option was 0.01. 
The integration rules used in the alternative options are 
summarized in Table 5.1. 
Table 5.1: Summary of Integration Options Tested 
INTEGRATION RULE USED FOR MATRICES 
OPTION NAME [M] [K] [Kdirl [Kshl [Kvoll [Kdist] (1-0)[Krl 01KA 
COMPLETE 3x3x3 3x3x3 
REDUCED 3x3x3 2x2x2 
SELECTDIRECT 
SELECTSHEAR 
3x3x3 
3x3x3 
2x2x2 
3x3x3 
3x3x3 
2x2x2 
SELECTVOL 
SELECTDIST 
3x3x3 
3x3x3 
2x2x2 
3x3x3 
3x3x3 
2x2x2 
MIXED 
MIXEDCENTRAL 
3x3x3 
3x3x3 
2x2x2 
2x2x2 
3x3x3 
lxlxl 
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5.4. COMPARISONS USING TEST MESHES 
A number of structures and meshes were used to test the 
integration options. The meshes were chosen either because experience 
had shown that they were prone to spurious modes with reduced 
integration, or because they provided good tests for the accuracy of an 
integration method. The results of the comparisons using these test 
meshes are described below. All the calculations were for undamped free 
vibration. 
5.4.1 Rectangular Brick 
The first structure considered was a rectangular steel brick 
with a low aspect ratio (2 to 1) in the free-free condition. Two meshes 
were constructed for this structure. One was a single element mesh with 
no constraints (Fig. 5.3) and this provided the most se vere test of 
whether an integration method would produce spurious zero-energy modes, 
because the rank deficiency of a single unconstrained element is the 
maximum possible. The same structure was also modelled by an 8 element 
mesh (Fig. 5.3) which had the elements arranged in a2x2x2 pattern. 
The purpose of the 8 element mesh was to provide a reference of a 
slightly more refined mesh against which the single element results could 
be compared (no experimental results were available for this structure). 
The results of the natural frequency calculations using the 
various integration options are given in Table 5.2 for the single element 
mesh and in Table 5.3 for the 8 element mesh. The following observations 
can be made: - 
A free-free structure should have 6 zero-frequency rigid-body 
modes. With the single element mesh (Table 5.2), the COMPLETE option 
gave the correct number of zero-frequency modes, but the REDUCED option 
calculated 12 zero-frequency modes of which 6 were spurious. All the 
selective integration options removed some of the spurious zero-frequency 
modes, but only the SELECTSHEAR and SELECTVOL options removed them all. 
The MIXED options did not completely remove these spurious modes - 
instead they increased their frequencies from zero to finite values which 
were less than the non-spurious frequencies. The MIXEDCENTRAL option was 
even worse - it increased the frequencies of 2 of the spurious modes, but 
there were still 4 spurious zero-frequency modes. 
There was also a mode of the single element mesh which 
corresponded to very different frequencies, depending on the method of 
integration employed. The mode at 2053 Hz calculated by the COMPLETE 
option had the same mode shape as the REDUCED mode at 833 Hz. A 
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comparison with the results for the 8 element mesh suggested that the 
frequency of 2053 Hz was probably closer to the correct value. None of 
the selective or mixed methods, except for SELECTVOL9 increased the 
frequency of this mode significantly above the reduced integration 
value. 
The frequency and mode shapes calculated by complete and 
reduced integration for the remaining modes were very similar. There was 
no significant improvement in accuracy with reduced integration, probably 
because the elements were rectangular and had a low aspect ratio. 
With the 8 element mesh (Table 5.3), none of the integration 
options displayed any spurious modes. This was either because (i) the 
average number of d. o. f. on each element was low enough to enable reduced 
integration to produce a stiffness matrix with sufficient rank, or (ii) 
because spurious modes could not form in this type of element 
configuration due to incompatibility of the single-element spurious mode 
shapes between adjacent elements. 
Table 5.2: Natural Frequencies Calculated for a One Element Mesh of a 
Free-Free Rectangular Brick, No Constraintsl No Node Condensation 
INTEGRATION NO. OF ZERO NATURAL FREQUENCIES (HERTZ) 
OPTION F . REQUENCIES 
fl fl 
I f3 f4 f5 f6 f7 f8 f9 flo 
COMPLETE 6 88 7 987 987 1395 1984 1984 1984 2053* 2104 2282 
REDUCED 6+ 6* 833* 887 987 987 1395 1984 198T 984 2104 2317 
SELECTDIRECT 6+ 3* 887* 887 987 987 1395 1774 1774 1984 1984 1984 
SELECTSHEAR 6 833* 887 1 987 987 1 1395 
1984 1984 1984 
1 
2104 22821 
SELECTVOL 6 887 987 987 1368* 1395 1963 1984 1984 1984 2053 
SELECTDIST 6+ 1* 833* 887 987 987 1395 1984 1984 1984 2104 2317 
MIXED, 0.01 6 232* 335* 344* 354* 354* 362* 859* 887 987 987 
MIXED, 0.001 6 73* 106* 109* 112* 112* 115* 835* 887 987 987 
MIXED, 0.0001 6 23* 33* 
1 
34* 35* 
1 
35* 36* 833* 887 987 
1 
987 
MIXEDCENTRAL 6+ 4* 349* 374* 865* 883 982 982 1395 1974 1983 198 
p-0.01 1 
ýl 
* Spurious mode 
* Mode whose frequency is calculated incorrectly by reduced integration. 
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Table 5.3: Natural Frequencies Calculated for an Eight Element Mesh of 
a Free-Free Rectangular Brick, without Constraints but Using Node 
Condensation (100 Masters) (Fig. 5-3) 
INTEGRATION NO. OF ZERO NATURAL FREQUENCIES (HERTZ) NA! 
OPTION F CIES E R QUEN 
E 
f2 f2 f3 
I 
f4 f5 
I f6 f7 f8 
COMPLETE 6 771 909 9131 1408 16451 1661 1749 1915 
REDUCED 6 771 903 908 
1 1415 1655 
1 
1659 1703i l835 
SELECTDIRECT 6 773 907 912 1410 1650 1654 1724 1912 
SELECTSHEAR 6 769 904 909 1412 1650 1668 11743 1837 
SELECTVOL 6 772 909 914 1409 1649 1659 1748 1915 
SELECTDIST 6 770 904 908 
1 
1414 1650 1663 1723 1836 
MIXED, 0.01 6 771 903 908 1415 1655 1659 1705 1837 
MIXED, 0.001 6 771 903 908 1415 1655 1659 1703 1835 
MIXED, 0.0001 6 771 903 908 1415 1655 
1 
1659 1703 1835 
MIXEDCENTRAL 6 768 900 906 1415 1651 1654 1698 1829 
p-0.01 1 
1 
(No spurious modes detected) 
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4.2 Cantilevered Plate 
The next structure analysed was a rectangular cross-section 
steel plate clamped at one end and with dimensions of 6" x1x 1/16". 
This structure had a high aspect ratio. Experimental natural frequencies 
were available from measurements described in Chapter 7. (The fourth 
mode of vibration, which was a torsional mode, was not observed 
experimentally because of inadequacies in the experimental technique 
used. ) 
Three different meshes were investigated (Fig. 5.4): (a) A3 
element mesh with rectangular elements, (b) A3 element mesh with skewed 
elements and. (c) A3x2 element mesh with rectangular elements. 
The natural frequencies of these meshes calculated by the 
various integration options are summarised in Tables 5.4,5.5 and 5.6, 
where they are compared with the measured frequencies and with 
frequencies predicted by beam theory. The following observations could 
be made: - 
None of these meshes contained sufficient elements to give 
converged results. 
A cantilevered structure should not have any zero-frequency 
modes since it cannot deform as a rigid body. However, reduced 
integration predicted 3 spurious zero-frequency modes with both of the 3- 
element meshes. Fig. 5.5 shows the first 6 mode shapes produced by 
reduced integration for the 3-element mesh with rectangular elements. 
The spurious mode shapes were evidently physically unrealistic. The mode 
shapes of the non-spurious modes appeared very reasonable. All of the 
selective and mixed integration methods removed the spurious modes. 
For the non-spurious modes, reduced integration gave better 
accuracy than complete integration. The improvement in accuracy was most 
marked with the skewed-element mesh. 
The 3x2 element mesh did not display spurious modes with any 
of the integration options. 
For the rectangular-element meshes, the SELECTSHEAR and 
SELECTDIST options predicted almost identical frequencies to reduced 
integration, whilst the SELECTDIRECT and SELECTVOL options gave very 
similar frequencies to complete integration. However, with the skewed- 
element mesh, the performance of the selective integration methods was 
not as good as that of reduced integration. 
The mixed integration methods performed well with all the 
meshes. The smallest value of the weighting factor, P-0.0001, gave the 
best results with frequencies only marginally higher than reduced 
integration. 
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Table 5.4: Natural Frequencies Calculated for a3 Element Meah with 
Rectangular Elements of a Cantilevered 6" x 1" x 1/16" Steel Plate, 
Usine 36 Masters (Fie. 5.4 and 5.5 
NATURAL FREQUENCIES 
INTEGRATION NO. OF ZERO (HERTZ) 
OPTION FRE UENCIES Q 
fl f2 f3 f4 f5 
EXPERIMENT 0 60 398 663 - 1015 
0 64 370 669 - 1008 
BEAM THEORY 0 57 357 642 911 1000 
COMPLETE 0 63 458 741 932 1837 
REDUCED 3* 61 389 694 916 1152 
SELECTDIRECT 0 63 458 741 920 1837 
SELECTSHEAR 0 61 389 694 929 1152 
SELECTVOL 0 63 458 741 927 1837 
SELECTDIST 0 61 389 694 926 1152 
MIXED, 0.01 0 61 412 701 916 1358 
MIXED, 0.001 0 61 392 695 916 1179 
MIXED, P 0.0001 0 61 389 695 916 1155 
MIXEDCENTRAL 0 61 411 691 911 1380 
0.01 
* Spurious modes. 
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Table 5.5: Natural Frequencies Calculated for a3 Element Mesh with 
Highly Skewed Elements of a Cantilevered 6" x 1" x 1/16" Steel Plate, 
Using 36 Masters (Fig. 5.4) 
NATURAL FREQUENCIES 
INTEGRATION NO. OF ZERO (HERTZ) 
OPTION UENCIES FRE Q 
f, f2 f3 f4 f5 
EXPERIMENT 0 60 398 663 - 1015 
0 64 370 670 - 1008 
BEAM THEORY 0 57 357 642 911 1000 
COMPLETE 0 207 1011 1506 1592 6790 
REDUCED 3* 81 561 683 1028 2906 
SELECTDIRECT 0 192 995 1111 1418 6647 
SELECTSHEAR 0 92 664 757 1483 4159 
SELECTVOL 0 199 1002 1343 1488 6769 
SELECTDIST 0 90 638 738 1307 3877 
MIXED, 0.01 0 99 736 805 1059 3853 
MIXED, 0.001 0 85 605 696 '1032 3049 
MIXED, 0.0001 0 82 566 685 1029 2921 
MIXEDCENTRAL 0 84 631 727 1033 2918 
p-0.01 
* Spurious modes. 
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Table 5.6: Natural Frequencies for a3x2 Element Mesh with 
Rectangular Elements of a Cantilevered 6" x 1" x 1/16" Steel Plate, Using 
40 Masters (Fig. 5.4) 
NATURAL FREQUENCIES 
INTEGRATION NO. OF ZERO (HERTZ) 
OPTION FREQUENCIES 
fl f2 f3 f4 f5 
EXPERIMENT 0 60 398 663 - 1015 
0 64 370 669 - 1008 
BEAM THEORY 0 57 357 642 911 1000 
COMPLETE 0 62 443 711 918 1401 
REDUCED 0- 60 385 691 903 1197 
SELECTDIRECT 0 62 443 711 909 1401 
SELECTSHEAR 0 60 385 691 913 1197 
SELECTVOL 0 62 443 711 913 1401 
SELECTDIST 0 60 385 691 912 1197 
MIXED, P-0.01 0 61 408 693 904 1268 
MIXED, P-0.001 0 60 389 691 903 1208 
MIXED, P-0.0001 0 60 385 691 903 1198 
MIXEDCENTRAL 0 60 408 689 902 1271 
p-0.01 1 
(No spurious modes detected. ) 
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5.4.3 Free-free Turbine Blade 
The previous test meshes have been somewhat artificial - they 
have all contained far fewer elements than would be required in a 
practical analysis, and they have modelled structures with very simple 
geometries. The next structure analysed was a low pressure turbine blade 
in the free-free condition. Experimental natural frequencies for this 
structure had been measured by Kellaway (1979). 
Two finite element meshes were investigated (Fig. 5.6). One 
mesh had 12 x4 EZ60R elements in the blade part of the mesh, the other 
had 24 x2 elements. Both meshes were unconstrained, so there was no 
problem with deciding on the best fixation conditions. The calculated 
natural frequencies are shown in Tables 5.7 and 5.8. 
Reduced integration gave considerably better accuracy than 
complete integration with both meshes. There were no spurious modes 
calculated with either mesh. 
The selective integration options gave frequencies which were 
between those obtained using reduced and complete integration. 
The MIXED options gave very similar frequencies to reduced 
integration for both meshes. The best values for the weighting factor, 
P, were 0.0001 and 0.001. 
The MIXEDCENTRAL option did not produce any results - the runs 
failed due to an ill-conditioned stiffness matrix. 
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Table 5.7: Natural Frequencies Calculated for a 12 x4 Element Mesh of 
a Free-Free LP Turbine Blade, 100 Masters (Fig. 5.6) 
NATURAL FREQUENCIES 
INTEGRATION NO. OF ZERO (HERTZ) 
OPTION UENCIES F E Q R - 
fl f2 f3 f4 f5 
EXPERIMENT 6 58 149 228 270 412 
COMPLETE 6 66 179 270 343 536 
% Error 149 20% 18% 279 30% 
REDUCED 6 58 153 237 279 424 
% Error O%j 3% 4% 3% 3% 
SELECTDIRECT 6 63 170 255 321 495 
% Error 9% 14% 12% 1 19% 20% 
SELECTSHEAR 6 64 170 264 321 500 
% Error 10% 14% 16% 19% 21% 
SELECTVOL 6 64 173 265 328 515 
% Error 10% 16% 19 21% 25% 
SELECTDIST 6 63 168 258 314 485 
% Error 9%1 13% 13% 16%1 18% 
MIXED, 0.01 6 59 157 242 290 440 
% Error 2% 5% 6% 7% 
1 
7% 
MIXED, 0.001 6 58 153 238 281 427 
% Error 0% 3% 4% 4% 4% 
MIXED, 0.0001 6 58 153 237 279 425 
% Error 0% 3% f 3% 3% 
MIXEDCENTRAL Run failed due to negative diagonal 
p-0.01 
., term in stiffness matrix 
(No spurious modes detected. ) 
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Table 5-8: Natural Frequencies Calculated for a 24 x2 Element Mesh of a Free- 
Free LP Turbine Blade, 100 Masters (Fig. 5.6) 
NATURAL FREQUENCIES 
INTEGRATION NO. OF ZERO (HERTZ) 
OPTION FREQUENCIES 
fl f2 f3 f4 f5 f6 f7 f8 
EXPERIMENT 6 58 149 228 270 412 - - - 
COMPLETE 6 59 159 247 298 452 503 608 718 
% Error 2% 7% 8% 10% 10% 
1 
REDUCED 6 57 151 228 279 420 466 592 682 
% Error -2% 1% 0% 3% 2% 
1 1 
SELECTDIRECT 6 59 156 242 292 446 492 605 707 
% Error 2% 5% 6% 8% 8% 
-1 
SELECTSHEAR 6 57 153 242 284 431 493 596 689 
% Error -2% 3% 6% 5% 5% 1 
SELECTVOL 6 59 156 243 292 450 493 605 710 
% Error 2% 5% 7% 8% 9% 
1 
SELECTDIST 6 56 149 236 280 423 485 590 680 
% Error, -3% 0% 4% 4% 3% 
MIXED, P-0.01 6 57 151 231 280 424 471 594 684 
% Error -2% 1% 1% 4% 3% 
MIXED, P-0.001 6 57 151 228 279 421 467 592 682 
% Error -2% 1% 0% 3% 1 2% 1 
MIXED, P-0.0001 6 57 151 228 279 420 466 592 68 
% Error -2% 1% 0% 3% 2% - 
MIXEDCENTRAL Run failed due to negative diagonal 
Lp - 0.01 term in stiffness matrix 
(No spurious modes detected) 
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5.4.4 Fixed-free Turbine Blade 
The spurious mode illustrated in Fig. 5.2 was produced using 
reduced integration with a mesh modelling a turbine blade clamped at the 
4 inner roots and free at the tip. The non-spurious frequencies 
predicted by reduced integration agreed very well with experiment. All 
the selective and mixed integration methods (with the exception of the 
MIXEDCENTRAL run which failed) eliminated the spurious mode. (The actual 
numerical results are given in Chapter 9. 
4.5 Spin Rig Test Structure 
Another practical analysis which displayed spurious modes with 
reduced integration was that of a spin rig test piece. The test piece 
was a very thin steel structure with 10 radial spokes, clamped around the 
inner circumference. Its diameter was 670 mm, while its thickness was 
1 mm. Experimental natural frequencies were available from measurements 
carried out by the author at CERL. 
The mesh used to analyse the structure was a 32 element mesh 
which modelled one tenth of the complete test piece (Fig. 5.7). The 
method of complex constraints was used to generate the modes of the 
complete structure from the mesh for one substructure, and a plot of the 
resultant finite element model is shown in Fig. 5.8. Table 5.9 shows the 
natural frequencies calculated by the various integration options using a 
phase angle of 0*, which generated modes with 0 or 10 waves around the 
circumference of the structure. 
Reduced integration predicted two spurious modes, at 45 Hz and 
132 Hz. These are plotted in Fig. 5.7 (for one substructure) together 
with other calculated mode shapes which appeared physically reasonable. 
The spurious mode shapes were obviously physically unrealistic. 
All of the selective and mixed integration options eliminated 
the spurious mo , des from the frequency range of interest. 
For the correct modes, the results from the SELECTSHEAR, 
SELECTDIST and mixed integration options were closer to the experimental 
natural frequencies than were the results from the COMPLETE9 SELECTDIRECT 
AND SELECTVOL options. 
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Table 5-9: Natural Frequencies Calculated for a 32 Element Mesh of One 
Substructure of a Spin Rig Test Piece. Complex Constraints with Phase 
Angle of 0* Used to Generate Disc Modes. Inner Boundary Clamped, 170 
Master d. o. f. (Fig. 5.7 and 5.8) 
NATURAL FREQUENCIES 
INTEGRATION (HERTZ) 
I N OP I-I T O 
fl f2 f3 f4 f5 f6 
EXPERIMENT 24 173 - 254 
COMPLETE 30 187 239 267 
REDUCED 29 45* 132* 173 235 254 
SELECTDIRECT 30 187 239 267 
SELECTSHEAR 29 173 235 254 
, SELECTVOL 30 187 239 267 
SELECTDIST 29 173 235 254 
MIXED, 0.01 29 177 235 257 
MIXED, 0.001 29 174 235 254 
MIXED, 0-0001 29 173 235 254 
: 
M:: ý: X: E: D: C: E: N::::: 
0.01 
28 176 234 255 
* Spurious Mode 
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5.4.6 Computing Costs 
The computing costs for any given mesh using the new 
integration options and reduced integration were almost identical. This 
was because they all involved two integration loops for each element (a 2 
x2x2 loop for one part of the stiffness matrix, and a3x3x3 loop 
for the mass matrix and the remaining part of the stiffness matrix). 
Complete integration was slightly cheaper than the other options because 
it only required a3x3x3 integration loop. 
5.4.7 Discussion 
The following observations can be made on the comparisons using 
the test meshes: - 
(i) The MIXEDCENTRAL method can be discounted as a practical option 
because it failed to produce any results for the turbine blade meshes, 
and because it still gave 4 zero-frequency spurious modes for the single 
unconstrained element. 
(ii) Overall, the ranking of the other integration options in order 
of decreasing accuracy was: - 
REDUCED 
MIXED, P-0.0001 
MIXED9 P-0.001 
MIXED, P-0.01 
SELECTDIST 
SELECTSHEAR 
SELECTDIRECT 
SELECTVOL 
COMPLETE 
(iii) In general, the MIXED methods gave frequencies which were only 
marginally higher than reduced integration. 
(iv) The SELECTDIST and SELECTSHEAR options gave very good results 
when-the elements in a mesh were rectangular or almost rectangular in 
shape, but performed less well when the elements had distorted 
geometries. The SELECTDIRECT and SELECTVOL options gave poor accuracy 
with almost all, the meshes. 
The reasons for this behaviour are presumably that the 
distortional stiffness matrix depends heavily on the shear strain 
components. When elements are rectangularg it appears that direct 
strains are calculated more accurately than shear strains at arbitrary 
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points within the element, so the use of optimum sampling of the 
integrand at the 2x2x2 Gauss points is more effective for the shear 
strain and distortional stiffness matrices than for the direct strain and 
volumetric stiffness matrices. When elements are distorted, both the 
direct strains and shear strains are calculated inaccurately, so optimum 
sampling of just one part of the stiffness matrix by selective 
integration is less effective than optimum sampling of the entire 
stiffness matrix by reduced integration. 
(v) All of the selective and MIXED options were successful in 
removing spurious frequencies from the results for the multi-element test 
meshes. 
(vi) With the single unconstrained element, the SELECTSHEAR option 
eliminated all of the zero-frequency spurious modes, but the SELECTDIST 
option still calculated one zero-frequency spurious mode. The MIXED 
options did not eliminate these modes - instead they increased their 
frequencies from zero to finite values which were still within the 
frequency range of interest. 
There was another mode which was calculated incorrectly by 
reduced integration. This was the mode whose frequency was predicted as 
833 Hz by reduced integration and as 2053 Hz by complete integration. 
None of the selective or mixed options calculated the frequency of this 
mode correctly. It should be borne in mind, however, that a mesh 
consisting of a single unconstrained element is not one that would be 
used for a practical analysis. 
(vii) Of the available options, the MIXED methods seemed to provide 
the beat compromise between improved acuracy and the ability to remove 
spurious modes. The MIXED options were successful in eliminating 
spurious modes from all the practical meshes analysed. 
(viii) Of the selective integration methods, 'the SELECTSHEAR option 
should be preferred. This did not perform quite as well as the 
SELECTDIST option, but it did eliminate all, of the spurious zero- 
frequency modes with the single element mesh. In general, the 
SELECTSHEAR option performed as well as mixed integration when elements 
were rectangular, but not when element geometries were distorted. The 
SELECTSHEAR option would probably be slightly more reliable than the 
MIXED option in eliminating spurious modes. 
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(ix) From the examples studied, spurious modes only appeared when 
_, the mesh contained strings of single elements connected end-to-end 
(the 
blade root in the mesh of Fig. 5.2 had just one element through its 
thickness). Spurious modes did not appear in regions of the mesh where 
there were two or more elements across the width. 
5.5 CONCLUSIONS 
The following conclusions can be drawn from this study: - 
(i) Mixed integration was the most accurate of the various 
integration options, giving natural frequencies which were only slightly 
higher than reduced integration. The best value for the weighting factor 
to employ with this method appeared to be 0.0001. Mixed integration was 
succesful in eliminating spurious modes from the solution with all the' 
practical meshes analysed. But because the method works by increasing 
the frequencies of any spurious modes, hopefully out of the range of 
interest, there is a possibility that a mesh might be constructed which 
would still have a spurious frequency remaining in the range of interest. 
Thus, although the probability of spurious modes is greatly decreased by 
mixed integration, it would be prudent to obtain mode shape plots of the 
important modes and disregard any that appear physically unrealistic. 
Alternatively, the analysis could be repeated using a different value for 
the weighting factor (say 0.001). Any mode whose frequency changes by a 
significant amount is likely to be a spurious mode. 
(ii) The SELECTSHEAR option was the most satisfactory of the methods 
of selective integration investigated. The SELECTSHEAR option gave about 
the same accuracy as mixed integration for meshes containing rectangular 
elements, but did not perform as well as mixed integration for meshes 
containing highly curved or skewed elements. 
(iii) Since the main attraction of 20-noded brick elements is that 
they can be used to model structures with arbitrary geometries, which 
usually implies distorted element shapes, mixed integration should be 
used in preference to selective integration. Mixed integration should be 
used in preference to reduced integration, since it offers essentially 
the same accuracy at the same computing cost, while it greatly lessens 
the probability of spurious modes. 
(iv) It appears that meshes consisting of single 20-noded bricks 
connected end-to-end are more prone to spurious modes. Whenever 
possible, meshes should be constructed so that there are at least 2 brick 
elements across the width of any section of the mesh. 
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CHAPTER 6 
NEW SOLID ELEMENTS WITH ADDITIONAL INTERNAL DEGREES OF FREEDOM 
6.1 INTRODUCTION 
In the previous Chapter, it was shown that the new technique of 
mixed integration of 20-noded brick elements retains the improved 
performance of reduced integration whilat greatly diminishing the risk of 
spurious modes. 'Mixed integration has the effect of raising the natural 
frequencies of spurious modes (in a dynamics analysis) so that they are, 
hopefully, no longer in the frequency range-of interest. The practical 
results obtained with mixed integration have been very encouraging. 
However, the technique cannot provide an absolute guarantee to eliminate 
all spurious modes in every possible analysis. There is still an 
incentive, therefore, to find-an alternative method of improving the 
performance of twenty-noded solid elements which would not involve the 
risk of spurious modes. 
The addition of internal degrees of freedom (dof) to certain 
finite elements can sometimes improve their performance. If the original 
element is over-stiff, additional dof may have the effect of lowering the 
stiffness of the element (Cook, 1981). It was therefore decided to 
investigate the effects of adding internal dof to the twenty-noded solid 
element. This Chapter describes these investigations and the results. 
6.2 ELEMENT FORMULATION 
The mathematical formulation of the original 20-noded solid 
isoparametric element (Fig. 6-1) was described in Chapter 4. Shape 
functions were used to set up the element matrices. If additional 
internal dof are to be introduced, they should therefore also be based on 
shape functions. 
Internal dof, unlike the original dof of the element) do not 
have to be associated with a particular node. The restrictions on nodal 
shape functions, that they must take values of unity at one node and zero 
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at all the other nodes, do not apply to the additional internal shape 
functions. The consequence is that there is a very wide choice available 
for the additional shape functions. 
The possible additional shape functions fall into two classes - 
those which produce a conforming element and those which give a non- 
conforming element. The original isoparametric element is conforming; 
that is,, no gaps or overlaps can appear between the assumed displacements 
of adjacent elements. Non-conforming elements, which do allow such gaps 
or overlaps, are valid but only if they satisfy the requirements of the 
patch test (described in most finite element textbooks). For the sake of 
simplicity, it was decided to restrict the present investigations to 
additional shape functions which produce a conforming element. 
The requirement that an element be conforming is equivalent to 
insisting that the displacements at any point on a boundary edge or face 
are determined solely by the displacements of nodes on the same edge or 
face. This means that the shape functions associated with the additional 
internal d. o. f. must take values of zero at all the boundaries of the 
element. The boundaries are defined, in the local curvilinear coordinate 
system (&, n, C), by points where one or more of &, TI, C take the values 
of +1 or -1. Another requirement is that both the additional shape 4ýmk Wj4LV%; " Ofte C-k'trOeAA- functions themselves and theirýdifferentials should be continuousq 
Possible functions which fulfil these conditions include: - 
(1 - ý2)(j - n2)(1 - C2) 
31tC (cOs 121)(sin n-9)(cos :: ý) 
(1 - ý4)(Tj - n3)(1 -C- C2 + C3) 
Of these functions, the first is simplest in form. The second 
function is not based on polynomials, which is a disadvantage because the 
shape functions of the original, parent element consist of polynomials. 
The third function contains terms which. are, perhaps, unnecessarily 
complex. 
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Some guidance on the choice of a suitable function was provided 
by Cook and Zhao-Hua (1982), who described a two-dimensional eight-noded 
element with an additional internal shape function. The eight-noded 
plane isoparametric element (Fig. 6.2) is the 2D equivalent of the 
twenty-noded solid isoparametric element. The displacements of Cook and 
Zhao-Huals element were defined by the eight original shape functions, 
Ni, together with an additional shape function (j_&2)(j_n2), shown in 
Fig. 6.3 and called a 'bubble function' for obvious reasons. Numerical 
results quoted for some very simple test meshes showed that the new 2D 
element performed considerably better than the original element, 
particularly when the element geometries were non-rectangular. The 
three-dimensional equivalent of the 2D bubble function is (l_ý2)(l_n2)(l_ 
C2), which is one of the functions, given above$ that vanish at all of 
the element boundaries. This shape function t herefore appears to be a 
good candidate for trial in a solid element with additional dof. 
The normal 20-noded solid element has displacements u, v, w (in 
the global x, y, z, directions), at an arbitrary point in the element, 
defined by equation (4.7). A solid element which has each of the assumed 
displacements u, v, w augmented by a bubble function mode would have 
displacements defined by: - 
20 22 
Ni ui + (1 a 
20 2 Ni vi + (1 b 
o*o 
where a,, b, and cl are three additional internal dof. Explicit 
expressions for the shape functions, Ni, were given in equations (4-10) 
and (4.11). 
It seemed worthwhile to investigate the effects of having more 
than just three additional dof. The method is therefore extended so that 
displacements are defined by: - 
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20 T 
20 T 
Nv+RibJ, 
20 T 
Niw+Ric ... (4) 
where there are T additional shape functions, Rj, and there are 3T 
additional d. o. f. aj, bj, cj. The Rj are defined by: - 
R, . (1 - Z2)(1 n2)(1 C2), 
R2 -Z Rlg 
R3 -1 Rl, 
P'4 -C Rl, 
R5 . 42 Rl, 
R6 - 4,0 Rl, 
R7 m Ti 2 Rlp 
R8 - nc Rlt 
Rg . C2 Rl, 
Rlo - tc Rl, 
R, 1 . z3 Rl, 
R12 w e21 Rl, 
R13 m 411 2 R, 9 
R14 93 Rl, 
R, 5 
2C R jih 
R16 nC2 Rl, 
R17 C3 Rl, 
R18 tC2 Rl, 
R, 9 Z2C R, 2, 
R20 - Z'OC R, es* (6.3) 
Each of the Rj is a polynomial term multiplied by the bubble 
function R1. The presence of the bubble-function In the expressions 
ensures that all the Rj vani sh at the element boundaries, so the 
resultant element is conforming. 
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The shape functions, Rj, are three-dimensional functions of 
C and are not easy to visualise. But the equivalent, one- 
dimensional functions are (l-t2) , &(, _ý2)9 &2(1-&2) and 
&3(1-&2), and 
these are plotted in Fig. 6.4 for values of & between -1 and +1. 
By systematically increasing T from 0 to 20, and 3T from 0 to 
60, we can define a hierarchical series of elements which have a 
gradually increasing refinement in the internal approximation of 
displacements: If T-0, or 3T-0, we have the original element without any 
additional dof. If T-1, or 3T-3, we have an element with 3 additional 
do 
If 
defined by the bubble function, Rj* If T-4, or 3T-12, the element 
uses the additional shape functions R, to R4 which give a complete linear 
polynomial in C, n, C multiplied by the bubble function, R19 If T-10, or 
3T-30, the additional shape functions give a complete quadratic 
polynomial in &, n, C multiplied by the bubble function. If T-20, or 
3T-60, the additional shape functions give a complete cubic polynomial in 
ý, n, C multiplied by the bubble function, to provide 60 additional dof 
for the element. 
In-equation (6.2), the additional dof aj, bj and cj are 
internal to the element and are not associated with any node. They can 
be called nodeless dof. Physically, they can be regarded as representing 
the components of displacement at a point within the element relative to 
the displacements given by equations (6.1) at the same point. Since they 
represent relative, rather than absolute, displacements there is no need 
to normalise the shape functions to unity. 
The additional dof are only used to define displacements; they 
are not used to modify equations (4.8) which define the element geometry. 
Thus the Jacobian matrix for the element is unchanged. 
The stiffness matrix of the original solid element was a square 
matrix of dimension 60. The additional 3T internal dof of the new 
elements increase the sizes of their stiffness matrices to dimensions (60 
+ 3T). The extra 3T rows and columns of the stiffness matrices of the 
new elements are eliminated by static condensation, leaving 60 x 60 
matrices for elements with 20 boundary nodes. These resultant element 
matrices are assembled into the global matrix in the same way as that 
from the original solid element. The final structural equations are 
solved by the finite element program to give the nodal displacements; the 
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additional nodeless dof are not usually recovered once a solution has 
been obtained. Thus the additional dof are 'transparent' to the user and 
the new elements are as easy to use as the original element. 
The reason for the introduction of the additional dof is to 
increase'the flexibility of the stiffness matrix. Experience has shown 
that the results of dynamics calculations are very insensitive to the 
method of formulation of the mass matrix. Equations (4.7)9 which do not 
include the additional dof, can therefore be used for the evaluation of 
the mass matrix. 
6.3 PERFORMANCE 
The new solid elements with the additional dof were coded into 
a dynamics program, and their performances were compared by calculating 
natural frequencies using the following test meshes: 
6.3.1 One Element Free-Free Rectangular Brick 
The first test mesh was a single unconstrained element without 
any node condensation (Fig. 5-3). Natural frequencies calculated with 
this mesh are given in Table 6.1. Separate calculations were performed 
with the number of additional dof varying between 0 and 60, and with 
various numerical integration rules (3 x3x3 and 4x4x4 and 2x2x 
2) for the stiffness matrix. (3 x3x3 Gauss points were used for the 
mass matrix. ) The CPU time used on an IBM 370 computer is given in the 
last column. When the number of additional dof was zero, the element was 
identical to the original twenty-noded solid element. 
This mesh provided a good test for whether an element could 
have spurious, zero-energy modes., A free-free structure should have 6 
zero-frequency, rigid-body modes. If there were more than 6 zero- 
frequency modes, the extra modes, were spurious. The use of 3x3x3 or 
4x4x4 Gauss points did not result in any spurious zero-frequency 
modes, even when there'were 60 additional dof. Howevert reduced 
integration (2 x2x2 Gauss points) resulted in several spurious modes, 
because the number of independent relationships supplied by the 
integration points (48)'was less than the number of dof (60 up to 120) 
e 
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minus the number of rigid-body modes (6). Increasing the number of 
additional dof had the effect of raising the number of spurious modes. 
It is difficult to comment on the accuracy of the calculated 
non-zero frequencies, since no experimental or analytic results were 
available for this structure. 
6.3.2. Cantilevered Blade Modelled by Three Rectangular Elements 
A thin, straight, rectangular steel blade (with dimensions of 
6" x 1" x 1/16") was modelled by three rectangular elements (Fig. 5.4a). 
The calculated natural frequencies are given in Table 6.2, together with 
experimental and beam theory values (Chapter 7). 
The first set of calculations used node condensation, with 36 
masters, to lower the size of the eigenvalue problem. Increasing the 
number of additional internal dof, from 0 to 60, improved the accuracy of 
the calculated frequencies when 3x3x3 and 4x4x4 Gauss points were 
used. However, the biggest improvement in accuracy was obtained by using 
reduced integration (2 x2x2 Gauss points) without any additional dof. 
With reduced integration, adding three internal dof improved accuracy, 
but results worsened with 12 additional internal dof, and no solutions 
could be obtained with 30 or 60 additional internal dof (presumably 
because the stiffness matrix was contaminated by more than 36 zero- 
frequency modes and there were only 36 master dof). 
The reduced integration calculations were repeated with 108 
masters (i. e. no node condensation) to check whether the number of 
masters mattered. The results were very similar to those with 36 masters 
(except that in this case a solution was obtained with 30 additional dof, 
which, however, gave ridiculous values for the natural frequencies). 
6.3.3 Cantilevered Blade Modelled by Three Skewed Elements 
, 
The same structure was modelled by a mesh containing 3 skewed 
elements (Fig. 5.4b). The performance of an isoparametric element 
deteriorates when the element geometry is distorted from a rectangular 
shape. This test case was designed to investigate whether adding 
internal dof would be helpful when element geometries are non- 
rectangular. The results are summarised in Table 6.3. 
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The conclusions were similar to those of the previous section. 
With 3x3x3 and 4x4x4 Gauss points, adding internal dof improved 
performance. But a bigger improvement in accuracy could be obtained by 
using the original element ( with no additional dof) and changing the 
integration rule to 2x2x, 2 Gauss points. 
i 
6.3.4 Free-Free LP Turbine Blade 
The final mesh was for a low pressure (LP) steam turbine blade 
in the free-free condition. 4 columns of 12 elements were used to model 
the blade, with further elements used for the blade roots (Fig. 5.6). 
Calculated natural frequencies are given in Table 6.4, where they are 
compared with experimental values-(Kellaway, 1979). 
There were sufficient elements in this mesh to provide good 
accuracy with reduced integration of the original solid element. When 3 
x3x3 and 4x4x4 Gauss points were used, adding internal dof 
improved accuracy. Again, however, the most substantial improvements in 
accuracy were obtained by changing to reduced integration. The best 
results were given by reduced integration with three additional dof. 
Once the number of additional dof were 12 or greater, the calculations 
with reduced integration became unstable and either produced ridiculous 
results or failed completely. 
There should have been six zero-frequency rigid-body modes. 
Interestingly, there were eight calculated zero-frequency modes with 3x 
3x3 and 4x4x4 Gauss rules when the number of additional dof was 12 
or more. 
6.3.5 Discussion 
The general trend which has emerged from the above results is 
that adding internal dof tends to improve performance, but not by as much 
as reducing the order of integration to 2x2x2 Gauss points. 
It is dangerous to use additional dof with reduced integration 
because of the additional spurious modes. However, the most accurate 
results were obtained using three additional dof with reduced 
integration. It might be possible to combine the element that has three 
additional dof with the technique of mixed integration (Chapter 5). This 
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combination might provide slightly better accuracy than the original 
element, whilst mixed integration would tend to raise the frequencies of 
any spurious modes above the frequency range of interest. 
A curious result was that the elements with 12 to 60 internal 
dof predicted 2 spurious zero-frequency nodes when 3x3x3 or 4x4x4 
Gauss points were used to integrate the LP turbine blade mesh (Table 
6.4). However the same elements and integration rules did not give any 
spurious zero-frequency modes with the mesh containing a single 
unconstrained element (Table 6.1). 
It is possible that a different choice for the additional 
internal dof would have given better results. In particular, it might be 
worth investigating the use of additional shape functions which are not 
subject to the severe restriction of taking zero values at the element 
boundaries. However, the resultant element would be non-conforming so a 
method would have to be found to ensure that the element satisfies the 
patch test. 
The improvement in performance obtained by adding bubble 
function modes to the equivalent 2D element (Cook and Zhao-Hua, 1982) was 
much more dramatic than that observed in this study. However, a three- 
dimensional analysis is intrinsically more complicated than a two- 
dimensional analysis, and one cannot always extrapolate results directly 
from 2D to 3D. 
6.4 CONCLUSIONS 
A hierarchical series of twenty-noded solid elements have been 
derived which contain up to 60 additional internal dof. The shape 
functions chosen for the additional dof vanish at the element boundaries 
so that the resultant elements are conforming. The additional dof are 
not associated with any node and are eliminated by static condensation. 
A number of test meshes have been used to assess the 
performance of the new elements. The conclusion is that adding these 
particular internal dof to the original solid isoparametric element 
improves performance, but not by as much as reducing the order of 
numerical integration to 2x2x2 Gauss points. It is dangerous to use 
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additional internal dof in conjunction with reduced integration because 
the problem of spurious modes with reduced integration is magnified. 
It was therefore decided not to use the new hierarchical 
elements for the analysis of turbine blades, but to use instead the 
original 20-noded isoparametric solid element together with the technique 
of mixed integration described in Chapter 5. 
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CHAPTER 7 
COMPARISONS BETWEEN CALCULATIONS AND SPIN RIG MEASUREMENTS FOR SIMPLE 
ROTATING BLADES 
7.1 INTRODUCTION 
The previous chapters described the development of a 
theoretical method for the vibrational analysis of rotating turbine 
blades and wheels,, and how this method was incorporated into a computer 
program called DYSPIN. The remainder of this thesis will describe the 
validation of the program and its application to the analysis of a real 
steam turbine wheel. The present chapter is concerned with one part of 
this validation exercise: DYSPIN calculations are compared with 
experimentally-measured resonant frequencies for a number of rotating, 
constant cross-section, idealised blades. 
The measurements were carried out on a spin rig at Surrey 
University by Dr J. Thomas of the Department of Mechanical Engineering, 
under contract from CERL. Both the measurements and calculations were 
performed at various rotational speeds in the range 0 to 3000 rpm. To 
provide a further basis for comparison, natural frequencies were also 
calculated by a beam element program for the two extreme values of 
rotational speed of 0 rpm and 3000 rpm. 
Eight different test pieces were used in the spin rig tests. 
These were simple, free-standing blades (i. e. they were not connected at 
their tips to any adjacent blades). Their dimensions were chosen so that 
the frequency of the lowest mode of vibration would rise substantially as 
rotational speed increased. The eight blades had various combinations of 
rectangular or aerofoil cross-sections, stagger angle and pretwist. As a 
result, the blades provided a good range of test examples for DYSPIN, 
even though they were not real steam turbine blades. 
This Chapter briefly describes-the experimental methods used 
and compares the measured and calculated resonant frequencies. It then 
draws some conclusions about the effects of rotational speed, stagger 
angle and pretwist on the natural frequencies of the blades. Further i 
details about the experimental technique are given in a CERL Note (Kelen, 
1984). 
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2.2 EXPERIMENTAL METHOD 
The spin rig consisted of an overhung disk on a hollow shaft 
supported by two bearings. An evacuated chamber enclosed the disk. An 
electric motor drove the shaft via a variable-speed fluid drive and flat- 
belt pulley (Plate 7.1). The disk's rotational speed was measured by a 
tachometer, and also by the photocell-counting device shown in Fig. 7.1. 
The rotational speeds measured by the two methods agreed well. 
Eight different steel blades were clamped to the periphery of 
the rigid disc on the spin ring (Plate 7.2). Tables 7.1 and 7.2 
summarise the geometric and physical properties of the blades. Each 
blade had a uniform cross-section which was either rectangular or 
aerofoil. All the blades were six inches long. Half the blades were 
straight, while the other half were pretwisted by 45* along their 
lengths. The stagger angle (the angle between the base of the blade and 
the axis of rotation of the disc) was either 0* or 90% Hence the blades 
had various combinations of cross-section, pretwist and stagger angle. 
Each of the blades had an inverted 'TI-shaped root. The roots were 
secured to the disk by a clamping ring. 
Vibrations were excited by the applying of an a. c. voltage 
across a lead zirconate piezo-electric crystal glued to the base of each 
blade. The crystals were positioned with their mechanical axes parallel 
to the longitudinal axes of the blades, so that bending modes could be 
excited. A variable-frequency sine-wave oscillator generated the 
excitation signal, which was then amplified and supplied to the crystals 
via a slip-ring on the spin rig. 
The vibrations of each blade were detected by a second lead- 
zirconate piezo-electric crystal attached to the base of the blade, 
alongside and parallel to the excitation crystal. Vibrations of the 
blade produced an alternating voltage in the response crystal. This 
signal was carried by wires through the hollow shafts of the spin rig to 
the slip ring. The signal from each of the blades was selected in turn, 
and supplied to oscilloscope and to a frequency-counter via a tuneable 
narrow pass-band filter. 
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The frequency of the excitation signal was gradually altered 
until the amplitudes of the peaks in the response signal were at a 
maximum. The excitation frequency which provided this maximum response 
was recorded, and assumed to be equal to a blade natural frequency. The 
resonant frequencies measured in this way were checked as follows: For a 
fixed excitation frequency, the centre frequency of the tuneable filter 
was slowly varied, and the frequencies at which peaks occurred in the 
output were noted. Response peaks at multiplies of the rotational speed 
were ignored, and those remaining were assumed to be the natural 
frequencies of the blade. The two methods gave good agreement. 
It was possible to detect peaks in the response over a wide 
range of frequencies, even though there was considerable background noise 
in the electrical system. Resonant frequencies were recorded for each of 
the blades at various rotational speeds in the range 0 to 3000 rpm. 
7.3 FINITE ELEMENT MODELS 
A DYSPIN finite element mesh was constructed for each of the 
eight blades tested. Fig. 7.2 shows some typical meshes, constructed 
from 20-noded solid elements (known as EZ60R). The nodal coordinates of 
the aerofoil cross-section were obtained by measuring the geometry of an 
aerofoil blade. The blade roots were not modelled. Instead, it was 
assumed that each blade was clamped rigidly at its base. 
Reduced integration (2 x2x2 Gauss points) was used to 
evaluate the stiffness matrix of the EZ60R elements. This technique 
improved the accuracy and performance of these elements (Chapter 5). 
Convergence tests on blade meshes with increasing numbers of elements, 
using reduced integration, showed that blade meshes containing four 
columns of ten elements gave converged values for the first ten 
calculated natural frequencies. No spurious modes were observed with any 
of these meshes, even though reduced integration can sometimes produce 
physically implausible spurious modes with certain EZ60R meshes. The 
absence of spurious modes was probably due to the blade meshes containing 
more than one column of elements (Chapter 5). The calculations were 
performed before the mixed integration technique, described in Chapter 5, 
was developed. (Later calculations, using mixed integration, gave almost 
identical results to those reported here. ) 
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Natural frequencies were calculated by the author at CERL using 
DYSPIN for each of the blades at various rotational speeds in the range 0 
to 3000 rpm. 
To provide a further comparison, another finite element program 
was also used to calculate the natural frequencies of the blades. This 
program used special beam elements designed for rotating, pretwisted, 
asymmetric cross-section blades (Thomas and Sabuncu, 1979). Calculations 
were carried out with this beam element program by Dr J. Thomas at Surrey 
University, for each of the blades rotating at 0 and 3000 rpm. Each 
blade was modelled by a mesh containing ten beam elements. Again, each 
blade was assumed to be held rigidly at its base and the blade roots were 
not modelled. For the particular cases of the straight blades (i. e. 0*- 
pretwist) at 0 rpm, the beam element results were identical to those 
predicted analytically by Euler beam theory. 
7.4 RESULTS 
, The measured and calculated natural frequencies are plotted 
against rotational speed on Figs. 7.3 to 7.10. The vertical axes for the 
natural frequencies are logarithmic, because a logarithmic scale allows 
all the measured natural frequencies of a blade to be plotted on one 
graph, yet still shows the significant increase of frequency of the 
lowest mode with rotational speed. The graphs show that, at certain 
rotational speeds, many natural frequencies were not observed 
experimentally. This was due to various experimental limitations, such 
as the high amount of background noise in the electrical system and the 
difficulty of detecting torsional motion with a piezo-electric crystal 
oriented longitudinally on a blade. Tables of the results plotted in 
Figs. 7.3 to 7.10 are given in a CERL Note (Kelen, 1984). 
1 Figs. 7.3 to 7.10 display the variation of frequencies with 
rotational speed for each blade individually. In order to provide a more 
direct basis for the comparison of one blade with another, Table 7.3 
shows the experimentally measured resonant frequencies at 0 and 3000 rpm 
for each blade tested. In the same way, Tables 7.4 and 7.5 show the 
natural frequencies at O, and 3000 rpm calculated using DYSPIN and the 
beam finite element program respectively. 
_ 
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7.5 DISCUSSION OF RESULTS 
7.5.1 Scatter in Experimental Frequencies 
The measured resonant frequencies (Fig. 7.3 to 7.10) displayed 
a certain amount of scatter, although on the whole the agreement with 
theory was good. In several cases the measured frequency of a mode 
dropped when the rotational speed was increased, whereas theory predicts 
that natural frequencies should rise, or at least stay'constant, with 
increasing rotational speed. In addition, Table 7.3 shows that the 
measured frequencies of otherwise nominally-identical blades with stagger 
angles of 0* and 90% at 0 rpm, were somewhat different. (At zero 
rotational speed, stagger angle should not affect natural frequencies. ) 
The scatter in the measured frequencies may have been due to 
one or more of the following factors: - 
(i) The clamping of the blades may not have been completely rigid. 
(ii) At high rotational speeds, the clamping of the blades may have 
been looser than at lower speeds. This was because the high centrifugal 
stresses in the clamping ring may have caused it to open up slightly. 
(iii) It was not possible to repeat the measurements taken at high 
rotational speeds, because the wires to and from the crystals had a 
tendency to be pulled off the disk by the centrifugal forces. This 
limited the amount of time during which the rig could be run at high 
speeds. 
7.5.2 Correlation Between Calculations and Experiment 
On the whole, there was good agreement between the natural 
frequencies measured on the spin rig and those calculated by DYSPIN and 
by the beam element program. 
The discrepancies between the measured and calculated natural 
frequencies were comparable to the scatter in the experimental data. 
Because of the scatter in the measured frequencies, it was not possible 
to determine whether DYSPIN or the beam element program gave better 
agreement with experiment. Both programs gave good results for these 
blades. 
It is not surprising that the beam element program performed 
well for the simple test pieces used in these spin rig tests. Each of 
the blades tested was essentially a long, thin structure with a uniform 
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cross-section and could be represented well as a beam. However, the beam 
element program would be unlikely to give as good accuracy as DYSPIN for 
many practical steam turbine blade assemblies, for the reasons discussed 
in Chapter 2. 
The following sections discuss the effects of rotational speed, 
stagger angle and pretwist on natural frequencies. The scatter in the 
measured frequencies made it difficult to use the experimental results to 
assess the sometimes small effects of these factors. The following 
discussions are therefore based mainly on comparisons between the 
calculated frequencies. 
7.5.3 Effect of Rotational Speed 
For each of the blades, only the lowest mode, of vibration 
displayed a large percentage rise in natural frequency with increasing. 
rotational speed (Fig. 7.3 to 7.10). For the higher modes, the 
percentage increase was small. However the increase in absolute terms 
(i. e. Hertz) of the calculated natural frequencies was greater for some 
of the higher modes than for the lowest mode. 
7.5.4 Effect of Stagger Angle 
Tables 7.4 and 7.5 show that the calculated natural frequencies 
at 0 rpm were not affected by stagger angle. (This is exactly what one 
would expect, because stagger angle should not influence the natural 
frequencies of a non-rotating blade. ) However, at 3000 rpm, the 
calculated natural frequencies of the lowest mode were greater when the 
stagger angle was 90* than when it was 0% (The stagger angle is defined 
as the angle between the base of the blade and the axis of rotation of 
the disk. ) Thus the increase in the natural frequency of the lowest 
mode, caused by rotation, was greater with a 90* stagger angle than with 
a, O* stagger angle. For the higher modes of vibration, stagger angle had 
a very small effect on the calculated natural frequencies. 
The theoretical methods used by DYSPIN to allow for the effects 
of rotation were described in Chapters 3 and 4. The free vibration part 
of the analysis solves equation (4.2): - 
- 7.7 - 
([K] + [Ks] - [Kcm] - w2 
[M]) [ao] - 
The paper by Bossak and Zienkiewicz (1973) claimed that the 
Centrifugal Mass matrix, [Kcm], had a negligible effect on natural 
frequencies and could safely be ignored. To test this assertion, the 
DYSPIN calculations were repeated without the Centrifugal Mass term. The 
results for the blades with 90* stagger angle were identical, regardless 
of whether or not the Centrifugal Mass term was included in the analysis. 
However, the results for the blades with 0* stagger angle showed that 
ignoring the Centrifugal Mass term raised the frequencies at 3000 rpm to 
those calculated for the blades with 90* stagger angle. In other words* 
the Centrifugal Mass term was entirely responsible for the variation of 
natural frequencies of rotating blades with stagger angle. It is not, 
therefore, safe to ignore the Centrifugal Mass term, particularly if one 
is interested in the frequency of the lowest mode of vibration. 
The lowest mode of vibration was a simple bending mode. It 
appears from these results that the Centrifugal Mass term reduced the 
natural frequency of this mode when the bending was in the tangential 
direction (relative to the shaft), but not when it was in the axial 
direction. This can be explained theoretically as follows: - 
The effects of the steady centrifugal stiffening due to 
rotation are accounted for entirely by the Initial Stress matrix, 
[Y,, ]. 
The Centrifugal Mass matrix, [Kcmjj, is caused by the structure 
vibrating whilst rotating. When the structure vibrates, there may be a 
change in the direction or magnitude of the centrifugal forces acting on 
the structure due to the changes in position of the structure. These 
changes in direction or magnitude produce an apparent force which results 
in the Centrifugal Mass term. 
Consider a point on one of the straight blades. When the 
stagger angle was 90% the blade vibrating in its fundamental bending 
mode would cause the point to move along the axis of rotation. There 
would be no change in either magnitude or direction of the centrifugal 
force on that point. However, when the stagger angle was 0% the bending 
mode of vibration would cause a point on the structure to move 
tangentially relative to the disk and shaft. The direction of the 
centrifugal force, which always acts through the centre of rotation, 
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would change. A triangle of vectors would show that there must be a 
fictitious force acting on that point, caused by the changes in direction 
of the centrifugal force vector. This fictitious force changes the 
natural frequency of the fundamental bending mode. 
7.5.5 Effect of Pretwist 
Tables 7.3,7.4 and 7.5 show that changing the pretwist of a 
blade from 0* to 45* had little effect on the frequency of the lowest 
mode. However, the frequencies of the higher modes were quite 
substantially modified. Some of these modes had their frequencies 
increased whereas other modes had their frequencies lowered. 
7.6 CONCLUSIONS 
(i) Good agreement was obtained between the blade frequencies 
measured on the spin rig and the natural frequencies calculated by DYSPIN 
and by the beam element program. The discrepancies between the measured 
and calculated frequencies were comparable to the scatter in the 
experimental data. 
(ii) For each blade, the only mode which displayed a large 
percentage rise in natural frequency with increasing rotational speed was 
the lowest mode of vibration. For the other modes, the percentage 
increase in frequency with rotational speed was small. 
(iii) For all of the blades, the increase in the natural frequency of 
the lowest mode, caused by rotation, was greater with a 90* stagger angle 
then with a 0* stagger angle. Stagger angle had a very small effect on 
the calculated natural frequencies of the other modes. 
(iv) The centrifugal mass term, used by DYSPIN, was entirely 
responsible for the variation of the calculated natural frequencies of 
rotating blades with stagger angle. This can be explained by theoretical 
considerations. It is not, therefore, safe to ignore this term, 
particularly if one is interested in the natural frequency of the lowest 
mode. 
(V) Changing the pretwist of a blade from 0* to 45* had little 
effect on the frequency of the lowest mode, but substantially modified 
the frequencies of the other modes. The direction of the change was not 
constant - some modes had their frequencies increased whereas other modes 
had their frequencies decreased. 
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Table 7.1: Geometric and Physical Properties of Rectangular 
Cross-Section Blades 
Length 
Width 
Thickness 
Modulus of Elasticity 
Shear Modulus 
Density of Material 
Disc Radius 
Pretwist Angle 
Stagger Angle 
0.1524 m (6 in) 
0.0254 m (1 in) 
0.0015897 m (l/16 in) 
210 GPa (30 x 106 lbf in7-2) 
80.78 GPa (11.54 x 106 lbf in72) 
7778 kg m--3 (0-281 lb iü-3) 
0.2286 m (9 in) 
00,45" 
00 , go. 
Table 7-2: Geometrical and Physical Properties of Aerofoil 
Cross-Section Blades 
Length 
Area of Cross-Section 
Width 
Maximum Thickness 
Second Moments of Area: 
Torsional Stiffness, C 
Modulus of Elasticity 
Density of Material 
Disc Radius 
Distance Between Centre of 
Flexure and Centrold: 
Pretwist Angle 
Stagger Angle 
0.1524 m 
5.897 x 10-5 m2 
0.0275 m 
2.90 x 10-3 m 
ixx m 3.5 x 10-11 m4 
I yy m 2.79 x 10-9 m4 
9.30 N m2 
210 GPa 
7889 kg m73 
0.2286 m 
rx m 1.93 x 10-4 m 
ry. 1.19 X 10-3 M 
0", 45* 
0-, go. 
(6 in) 
(0.0914 in2) 
(1.084 in) 
(0.114 in) 
(0.84 x 10-4 in 4 
(0.671 x 1()-2 
(3240 lbf in2) 
(30 x 106 lbf In-2) 
(0.285 lb in--3) 
(9.0 in) 
(0.0076 in) 
(0.047 in) 
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Table 7.3: Natural Frequencies of a Rectangular Blade at Various 
Speeds of Rotation. Pretwist - 00, Stagger Angle - 0* 
FREQUENCIES (Hertz) 
0 650 950 1150 1450 1500 2100 2500 3000 
MODE. rpm rpm rpm rpm rpm rpm rpm rpm rpm 
1 Experiment 60 63 66 68 71 71 81 90 93 
DYSPIN 59 62 64 67 71 71 81 89 99 
Beam Elements 57 
1 
95 
2 Experiment 398 396 - 401 - 401 374 379 371 DYSPIN 369 372 375 378 384 385 399 410 427 
Beam Elements 357 
1 
412 
3 Experiment 663 - - 667 - 667 - 672 696 
DYSPIN 683 684 684 684 685 685 686 687 688 
Beam Elements 642 642 
4 Experiment - 911 - 
DYSPIN 900 901 901 901 901 902 903 904 905 
Beam Elements 911 
1 1 
916 
5 Experiment 1015 1009 1020 1052 1028 1027 1043 1047 1078 
DYSPIN 1036 1039 1042 1045 1051 1052 1067 1080 1099 
Beam Elements 1000 
1 
1061 
6 Experiment 1989 1975 1985 1996 2002 2003 2013 2014 2058 
DYSPIN 2038 2041 2045 2048 2054 2055 2071 2085 2094 
Beam Elements 1925 1925 
7 Experiment 1990 1980 1993 2000 - - 2025 - 2091 
DYSPIN 2080 2080 2081 2082 2083 2083 2087 2089 2105 
Beam Elements 1959 2025 
8 Experiment 3292 3274 3284 3299 3300 3304 3325 3299 3351 
DYSPIN 3394 3397 3401 3404 3410 3411 3428 3442 3463 
Beam Elements 3210 3210 
9 Experiment - 3549 3557 - 3561 3565 3570 3555 3582 
DYSPIN 3563 3564 3565 3566 3568 3568 3574 3578 3585 
Beam Elements 3238 3307 
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Table 7.4: Natural Frequencies Calculated by DYSPIN for the. 
Eight Blades at 0 and 3000 rpm 
BLADE CHARACTERISTICS 
Cross- Pretwist Rotational Stagger MEASURED RESONANT FREQUENCIES 
S S d An le pee g 
(rpm) f, f2 f3 f4 f5 f6 f7 
Rectangular 040 0 00 59 369 683 900 1036 2038 2080 
Rectangular Oo 0 900 59 369 683 900 1036 2038 2080 
Rectangular 00 3000 00 99 427 688 905 1099 2094 2105 
Rectangular 00 3000 900 111 430 692 904 1100 2095 2106 
Rectangular 45" 0 00 59 293 741 911 1195 1993 2241 
Rectangular 450 0 900 59 293 741 912 1195 1993 2242 
Rectangular 45* 3000 00 99 342 745 959 1220 2057 2253 
Rectangular 45" 3000 900 111 342 746 959 1220 2057 2253 
Aerofoil 00 0 00 96 599 804 1063 1658 3160 3203 
Aerofoil 041 0 901, 96 599 804 1063 1658 3160 3203 
Aerofoil 040 3000 00 125 636 809 1066 1699 3169 3247 
Aerofoil 040 3000 901, 135 638 808 1068 1699 3169 3248 
Aerofoil 45" 0 041 96 445 1026 1131 1555 3073 3281 
Aerofoil 45" 0 900 96 445 1026 1131 1555 3073 3281 
Aerofoil 45" 3000 00 125 473 1039 1138 1593 3115 3292 
Aerofoil 450 3000 901, 134 1 473 1 1039 1 1139 1 1594 1 3116 1 3293 
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Table 7.5: Natural Frequencies Calculated by the Beam Finite Element Program 
for the Eight Blade2 at 0 and 3000 rpm 
BLADE CHARACTERISTICS 
Cross- Pretwist Rotational Stag ger MEASURED RESONANT FREQUENCIES 
Section Speed 
, (: r: P: M: y 
Angle 
f 1 f 2 f 3 f 4 
f5 f6 f7 
Rectangular 00 0 00 57 357 642 911 1000 1925 1959 
Rectangular 00 0 900 57 357 642 911 1000 1925 , 
1959 
Rectangular 00 3000 00 95 412 642 916 1061 1925 2025 
Rectangular 00 3000 901, 107 415 642 915 1062 1925 2025 
Rectangular 450 0 00 57 284 644 892 1206 1936 1950 
Rectangular 450 0 901, 57 284 64S 892 1206 1936 1950 
Rectangular 450 3000 00 93 327 645 i 937 1226 1950 1994 
Rectangular 450 3000 901, 105 327 645 937 1226 1950 1994 
Aerofoil 00 0 00 97 598 849 1061 1667 3177 3262 
Aerofoil 04) 0 900 95 595 848 1061 1664 3179 3259 
Aerofoil 040 3000 00 124 633 854 1061 1705 3178 3300 
Aerofoil 00 3000 901, 134 634 853 1061 1705 3178 3301 
Aerofoil 45" 0 00 96 452 1048 1124 1598 3183 3304 
Aerofoil 450 0 900 96 452 1048 1124 1598 3183 3304 
Aerofoil 45" 3000 04) 125 481 1052 1134 1633 3209 3306 
I 
Aerofoil 45" 3000 
1 
go,, 
1 
134 
1 
480 
1 
1052 
1 
1134 1 1634 1 
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PLATE 7.2: VIEW OF FRONT OF SPIN RIG, SHOWING THE OPENED VACUUM CHAMBER,. 
THE SHAFT AND DISC AND THE EIGHT TEST PIECES WITH 
CRYSTALS ATTACHED 
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FIG. 7.1: PHOTOCELL COUNTING DEVICE FOR MEASURING THE ROTATIONAL 
SPEED OF THE SHAFT AND DISC 
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FIG. 7.2: DYSPIN MESHES FOR A TWISTED RECTANGULAR 
CROSS-SECTION BLADE AND A STRAIGHT AEROFOIL 
CROSS-SECTION BLADE 
PK/CPR(16.2.84)RL 3.3.6019 
5000 
1000 
Soo 
ui 
u 
z 
ui 
ul 
cr. 
LL 
re 100 
so 
EXPERIMENT 
DYSPIN CALCULATIONS 
BEAM ELEMENT CALCULATIONS AT 0 rpm 
BEAM ELEMENT CALCULATIONS AT 3000 rpm 
10 11 1-- -1 - --- -1 -1 -I 0 6SO Ilso, 1500,2100 2500 3000 
ROTATIONAL SPEED, rpm 
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FIG. 7.4: NATURAL FREQUENCIES OF RECTANGULAR BLADE, 
0* PRETWIST, 90* STAGGER ANGLE 
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FIG. 7.6: NATURAL FREQUENCIES OF RECTANGULAR BLADE 
45" PRETWIST, 90 0 STAGGER ANGLE 
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CHAPTER 8 
COMPARISONS BETWEEN CALCULATED AND MEASURED NATURAL FREQUENCIES 
OF LAST-STAGE LP BLADES WITH AND WITHOUT ARCH-COVERBANDS 
8.1 INTRODUCTION 
Chapter 7 demonstrated that DYSPIN can predict the natural 
frequencies of simple rotating blades in a spin rig with satisfactory 
accuracy. It still remains to be shown that the program gives good 
results for actual steam turbine blades and blade-assemblies. 
Last-stage low-pressure (LP) blades are the longest blades in a 
steam turbine, and they present the most severe vibration and stress 
design problems. They are also probably the most difficult blades to 
analyse theoretically, because they are twisted and tapered, with varying 
cross-sections along the length of the blade, and they are subject to the 
greatest centrifugal loads. It was therefore decided that the best 
practical test for the program was the analysis of a last-stage LP 
turbine wheel. 
In this Chapter, natural frequencies calculated by DYSPIN for 
some last-stage LP turbine wheels and blades are compared with 
experimental measurements. The calculations presented here are those 
using the 'best' finite element meshes and fixation assumptions. A 
summary of this work has already been published externally (Kelen and 
Cave, 1984). Chapter 9 will describe other aspects of the'study, such as 
the finite element modelling, convergence tests, and sensitivity 
analyses. The calculated mode shapes will be presented in Chapters 10 
and 11. 
8.2 EXPERIMENTAL DATA 
Experimental values for the frequencies of vibration of a 
- turbine wheel were required, in order to assess the accuracy of the 
calculations. It was not possible to carry out tests on a complete wheel 
at CERL. However, it is normal practice for turbine manufacturers to 
measure the natural frequencies of turbine wheels in specially- 
constructed wheel chambers, before they put a new last-stage LP blade 
design into service. 
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A steam turbine manufacturer, NEI Parsons Ltd., provided CERL 
with reports describing wheel chamber tests carried out at Erith in 1962 
and 1963. They also provided engineering drawings of the blades, disk 
and coverbands, together with the relevant material properties. The 
tests were done on a pre-production LP wheel known as El. which had 
blades with multi-finger pinned roots. The blades on this wheel were 
never actually put into service, but they were similar to blade designs 
later installed at a number of CEGB power stations. The El wheel chamber 
measurements were therefore very suitable for the purpose of validating 
DYSPIN. 
One series of wheel-chamber tests was on the El wheel with 
blades of length 33 inches without coverbands (Plate 8*1). The blades 
were riveted at their roots to the disk, but they were free at their 
tips. This type of configuration is known as free-standing blading. The 
only interaction between adjacent blades was through the disk, which was 
relatively massive and stiff. The blades were therefore able to vibrate 
more or less independently of each other. 
There was also another series of tests, with blades of lengths 
38,37,36,34 and 33 inches, where the blades were joined to each other 
near the tips by arch-coverbands. In each of these tests, there were 90 
identical blades assembled on the El wheel. The coverbands, were short 
steel arches with upright flanges at the two ends (Fig. 8.1), and they 
were riveted to the blades at the flanges. The wheels with coverbands 
were all continuously-connected (rather than packeted) assemblies. They 
were therefore rotationally-periodic structures. Regardless of the 
length of the blade, the coverband was always at the same radial 
position. So the part of the blade extending past the arch-coverband 
(called the 'blade overhang') varied in length, from about 1/2" for the 
33" assembly, up to more than 5" for the 38" blades (Plate 8.2). The 
main reason for installing coverbands is to stiffen the assembly, so that 
the blades are not so susceptible to turbulent buffeting. The presence 
of coverbands, however, considerably complicates the vibrational 
behaviour of the assembly, and the whole wheel takes part in the 
vibration. 
Kellaway (1979) described some natural frequency, measurements 
carried out at CERL on an LP blade suspended from a wire. The blade was 
therefore effectively in the free-free condition (no clamping). On 
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closer investigation of the blade used, it was discovered that this blade 
was not a Kingsnorth blade, as had originally been believedo but was In 
fact a 38" El blade. These measurements were therefore another source of 
experimental information for the El design. 
To summarize, the experimental data available was for a pre- 
production last-stage LP blade design, with a number of different blade 
lengths (33" to 38") all with the same basic cross-sections- The data 
covered the range from a single blade In the free-free condition, to 
stationary and rotating wheel chamber tests on blade assemblies with and 
without coverbands. 
8.3 STRATEGY FOR THE CALCULATIONS 
There were a large number of factors which might 
have 
influenced the accuracy of the calculations. These 
included the number 
of elements in the mesh, the assumptions made for the clamping at the 
roots and at the coverbands, the effects of centrifugal 
forces, etc. 
Because there were so many factors to consider, it seems 
best to begin 
with the simplest case for the first calculations. 
Having found a 
satisfactory model for one case, the same assumptions were then used 
for 
a more complex configuration, introducing the minimum number of new 
variables with each step. 
Using this strategy, the structures were analysed in the 
following order: (i) fTee-free 38" blade, (ii) wheel with 
free-standing 
33" blades, (iii) wheel with coverbands on 33" blades (minimum 
blade 
overhang), (iv). wheel with coverbands on 38" blades (maximum blade 
overhang). It did not seem necessary to analyse the 34", 36" and 37" 
wheels* The only difference between these wheels and the wheel with 
38" 
blades was in the length of the blade overhang, so no new physical 
parameter would have been introduced by including them in the study. 
8.4 FREE-FREE 38 INCH BLADE 
The first structure analysed was a 38" long, non-rotating El 
blade in the free-free condition. This was the simplest case to 
consider, because there was no need to make any assumptions about the 
fixation and there were no centrifugal forces involved. The first five 
natural frequencies of this blade have been measured at CERL by Kellaway 
(1979). 
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Kellaway analysed this blade using the dynamics program BERDYNE 
(Leech and Spires, 1977). Three finite element meshes were constructed, 
each with a different number of 20-noded solid elements (EZ60R) in the 
aerofoil part of the mesh. The geometry for the meshes was based on 
measurements of the test blade. 
Kellaway used 'complete' integration for his calculations, and 
the agreement with experiment was not particularly good. The 
calculations were repeated by the present author, using mixed 
integration (Section 5.3.2), with a considerable improvement in accuracy. 
Fig. 8.2 shows the finite element mesh which gave the beat agreement with 
experiment (using mixed integration). It consisted of 2 rows of 24 EZ60R 
elements in the blade part of the mesh. The root part of the mesh 
consisted mainly of EZ60R elements, together with a few wedge-shaped 
EZ45R elements. The geometry of the roots was simplified for this mesh. 
But this did not effect the-accuracy of the results, because in the free- 
free condition, the stiffness of the roots is unimportant. 
The natural frequencies calculated with the mesh of Fig. 8.29 
assuming no clamping and no centrifugal forces, are given in Table 8.1, 
where they are compared with the experimental results. (The lowest 6 
calculated frequencies were all nearly zero, and they are not quoted 
because they corresponded to the 6 zero-frequency rigid-body modes of a 
free-free structure. ) Table 8.1 shows that the calculations agreed 
closely with experiment for all the measured frequencies of vibration. 
The mesh shown in Fig. 8.2 was therefore chosen as the basis for the 
analysis of the El experimental wheels. 
Table 8.1: Natural Frequencies of Free-Free 38" El Blade 
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 
Experiment (Hz) 58.0 149.0 227.5 270.0 411.5 
Calculations (24 x2 Mesh) (Hz) 57.4 151 229 280 422 
Error in Calculations (Hz) -0.6 +2 +2 +10 +11 
Percentage Error of Calculations _1% +1% +1% +4% +3% 
Average Error -5 Hz Average Percentage Error - 2% 
Maximum Error - +11 Hz, Maximum-Percentage Error - 4% 
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8.5 WHEEL WITH FREE-STANDING 33 INCH BLADES 
The next structure considered was the El wheel with 33" blade 
and no coverbands (Plate 8.1). The blades were attached to the disk by 
rivets passing through holes in the roots (Fig. 8.4). The natural 
frequencies of this wheel were measured by Cave and Luck in 1963. 
The simplest case to analyse was the stationary wheel, because 
there were no centrifugal forces involved. With the wheel stationary, 
the experimenters were able to excite modes of vibration on single blades 
on the wheel (using the methods of touch and electronic pick-up probes). 
But they were only able to measure 'wheel' modes when the wheel was 
rotating slowly at about 330 rpm (using an electro-magnet to excite the 
vibration). At this slow speed, the centrifugal stiffening was 
negligible. Cave and Luck found that the frequencies of the wheel modes 
were all in the region of a measured blade frequency. They concluded 
that the blades were able to vibrate almost independently of each other, 
so the disk must have been considerably stiffer than the blades. 
8.5.1 Calculations Ignoring the Disk 
A finite element mesh for a single 33" El blade, fixed at the 
roots and free at the tip, should therefore be sufficient to model the 
wheel with free-standing blades. The mesh used for the calculations is 
shown in Fig. 8.3. It was a shortened version of the mesh for the 38" El 
blade, with an extra element in each root, and an improved geometrical 
representation of the roots. These refinements were necessary because 
the calculations were sensitive to the exact position of the root 
fixation. The additional element in each root was put in so that the 
root could be 'clamped' at the position of the top rivet hole. 
There was some uncertainty, before the analysis, as to what 
assumptions should be made for the fixation of the blade roots to the 
disk. A number of alternative hypotheses were put forward, all 
physically plausible. Calculations were done using each hypothesis, and 
the results were compared with experiment. 
It was found that the calculated frequencies were sensitive to 
the assumptions made for the root fixation (see Chapter 9). The best 
agreement with experiment was obtained by assuming that the 4 inner roots 
were clamped, with the 2 outer roots on the blade left unconstrained. 
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Each of the inner roots was constrained to have zero displacements at the 
position of the top rivet hole, and also at the bottom of the root. 
(This simulated the effect of clamping at the 3 rivets which passed 
through each root, and prevented modes of rigid-body rotation about the 
line through the top rivet holes. ) 
There was some physical justification for assuming that the 
outer 2 roots were not clamped. Fig. 8.4 shows that the rivet holes on 
the outer-most roots were along the sides of these roots, rather than 
through their centres, and they were grooves rather than true holes. So 
the rivets were not completely encased at the 2 outer roots9 and they may 
not have been held tightly there. 
The calculated natural frequencies for the stationary 33" 
blade, with the 4 inner roots clamped, are shown in Table 8.2. The 
agreement with experiment was very good, for all seven measured blade 
frequencies. 
Table 8*2: Natural Frequencies of El Wheel with Free-Standin. & 
33" Blades. Wheel Stationary 
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 
Measured Blade 
Frequencies (Hz) 
51.8 111.5 221.5 253.8 356.3 456.0 506.2 
Calculations (Hz) 
(4 Roots Clamped) 
54.0 114 231 261 360 461 507 
Error in Calca. (Hz) +2.2 +3 +10 +7 +4 +5 +1 
Percentage Error L +4 % +3% +5% +3% +1Z +1% +0% 
Average Error =5 Hz, Average Percentage Error 2% 
Maximum Error - 10 Hz, Maximum Percentage Error 5% 
8.5.2 Frequencies of Free-Standing Blades at 1800 rpm 
Having obtained good agreement with experiment for the 
stationary case, the calculations were repeated taking centrifugal 
stiffening into account. The experimental report quoted blade 
frequencies up to about 30 rev/s for the first four modes of vibration. 
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(There were no wheel chamber results for the normal turbine operating 
speed of 50 rev/s, because of limitations in the experimental techniques 
available in the early 1960's when the tests were performed. ) A 
rotational speed of 1800 rpm was used for the calculations, assuming the 
same root fixation as before. Table 8.3 shows the calculated and 
measured frequencies at this speed. 
The accuracy of the calculations for the rotating case was 
virtually the same as the accuracy for the stationary blades. This 
indicated that the centrifugal loading option in DYSPIN had produced 
reliable results at 1800 rpm. 
Table 8.3: National Frequencies of El Wheel with Free-Standing 
33" Blades Wheel Rotating at 1800 rpm 
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 
Measured Blade 
Frequencies (Hz) 
71 137 240 267 - - - 
Calculations (Hz) 
(4 Roots Clamped) 
74 137 250 275 379 473 529 
Error in Calcs. (Hz) +3 0 +10 +8 - - - 
Percentage Error +4% 0% +4% +3% 
Average Error -5 Hz, Average Percentage Error 3% 
Maximum Error - 10 Hz, Maximum Percentage Error 4% 
8.5.3 Modelling the Disk 
'Although 
it was not essential to include the disk in the finite 
element model, for the El wheel with free-standing bladesq there may one 
day be a need for calculations for a wheel with a more flexible disk. It 
was therefore of interest to find out how well the program could model 
the El disk. 
It would have been possible to have included the blade roots in 
the mesh of the disk and blade. But this would have required a large 
number of elements in the region where the disk joined the roots. Since 
the effects of the root fixation could be predicted from the previous 
studies, a simplified mesh (shown in Fig. 8.5) was constructed. This 
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mesh consisted of a segment of the disk attached to a blade without 
roots. It represented one substructure of the complete rotationally- 
periodic structure, which in this case was a disk with 90 blades. The 
wheel modes were generated by the method of complex constraints (Section 
4.2.2). 
DYSPIN calculations were done using the mesh of Fig. 8.5 with 
the disk clamped where it joined the hub, and with no centrifugal 
stiffening. The calculated frequencies were higher than the experimental 
values, because the finite element model was of a blade welded to the 
disk and it made no allowance for the flexibility of the roots. 
The corrections for the roots were determined in the following 
way: DYSPIN was run again with the mesh of Fig. 8.5, but this time all 
the disk degrees of freedom were constrained to zero. The frequencies 
calculated in this run were those of a single blade without roots welded 
to an inflexible disk. They were compared with the frequencies 
calculated for a single blade with flexible roots given in Table 8.2. 
For each mode, ýthe difference between the two calculated frequencies was 
taken as the correction for the root flexibility. - 
Fig. 8.6 shows the corrected calculated frequencies together 
with the experimental wheel and blade frequencies. There was good 
agreement, apart from some values at 0 nodal diameters. The only 
noticeable effect of the flexible disk occurred for the fifth 'family' of 
modes (near 350 Hz), but DYSPIN predicted the small effects that were 
present. 
For most of the modes, both the calculations and the 
measurements showed that the natural frequencies were almost independent 
of the number of nodal diameters. The results confirmed thatq with the 
possible exception of the fifth group of modes, it was valid to ignore 
the disk for this particular wheel. 
8.6 WHEELS WITH COVERBANDS 
Having derived a satisfactory finite element model for the 
wheel, with free-standing bladess the next step was to study the wheels 
with arch-coverbands. The presence of the coverbands had a considerable 
effect on the vibrational behaviour of the wheels. 
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Cave and Luck measured the natural frequencies of the El wheels 
with arch-coverbands, with blade lengths from 33" to 38". In order to 
excite the wheel modes of vibration, they used a stationary electromagnet 
positioned close to the coverband, with the wheel rotating past the 
electromagnet. Variable-frequency ac was supplied to the electromagnet, 
so that by sweeping through the frequency range many modes of vibration 
could be excited. Response was indicated by crystal strain gauges 
attached to a blade. It was necessary for the wheel to be rotating so 
that the modes could be identified in terms of the number of nodal 
diameters involved. The majority of the wheel natural frequencies were 
measured with the wheel rotating slowly at about 300 rpm. At this speed 
the centrifugal stiffening effect was negligible. 
In addition, tests were performed at higher rotational speeds, 
but the number of modes identified was considerably less than at the 
lower speed. 
The experimenters also excited vibrations on a single blade on 
the wheel, using a number of crystal strain gauges attached to the blade 
surface and connected in parallel to a variable-frequency electronic 
oscillator. The response was measured by crystal gauges attached to the 
blade near to its root, and also near the coverband on the overhang part 
of the blade. The interpretation of these 'blade' modes will be 
discussed in Chapter 11. 
8.6.1 Wheel with Coverbands and 33 Inch Blades 
Of all the wheels with coverbands, the simplest vibrational 
behaviour was observed on the El wheel with 33" long blades. This was 
because the part of the blade overhanging the arch-coverband was shortest 
on this wheel. 
The finite element mesh used to model the 33" wheel is shown in 
Fig. 8.7. This was based on the mesh used to model the 33" free-standing 
blade (Fig. 8.3), with a coveiband added at the tip. The coverband mesh 
was based on engineering drawings provided by NEI Parsons. It consisted 
of 8 by 2 EZ60R elements in the arch part of the mesh. Convergence 
tests, using more refined coverband meshes, showed that increasing the 
number of elements above 8 by 2 did not improve the results (Chapter 9). 
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The mesh of Fig. 8.7 was for one substructure of the complete wheel of 90 
blades. The method of complex constraints was used to generate the wheel 
modes. It was decided that there was no need to include the disk in the 
finite element model, because the small effects of the disk would have 
been completely swamped by the influence of the much more flexible 
coverbands. 
Natural frequencies were calculated for several values of nodal 
diameter (nd) in the range 0 nd to 45 nd. (The concept of nodal 
diameters was explained in Section 1.4. ) The same assumptions were used 
for the root fixation as had been successful for the wheel with free- 
standing blades. That is, the 4 inner roots were clamped at the 
positions of the rivet holes, while the 2 outer roots were left free. 
The major problem was to decide on the assumptions to make for the 
fixation of the coverbands to the blades. Natural frequencies were 
calculated with assumptions ranging from a completely welded joint to a 
hinged joint. These calculations will be described in Chapter 9. 
It was found that the results were sensitive to the coverband 
fixation. The best agreement with experiment was obtained by assuming 
that the coverbands were 'half-welded' to the blades. This meant that 
the top half of the coverband flanges were rigidly clamped to the blades, 
whereas the lower parts were left free. The dividing line passed through 
the centre of the rivet holes on the coverband flange (see Fig. 8.1). 
The physical interpretation was that the flange was held tightly enough 
at the rivets to prevent 'hinging' modes, but was free to vibrate below 
the rivets. The effective length of each coverband therefore extended 
from the rivets on one flange, across the arch, to the rivets on the 
other flange. 
8.6.1.1 Results at low speed for 33" blades with coverbands 
Fig. 8.9 is a graph comparing the calculated frequencies with 
the experimental wheel frequencies measured at 330 rpm. The agreement 
for the lowest two groups of modes, where the experimental data were 
extensive, was very good. For the higher groups of modes, the 
experimental measurements were scattered and did not fall into a coherent 
pattern, but the calculated frequencies were not inconsistent with the 
experimental data. 
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If the experimental points marked with aW (denoting weak 
resonance) are ignored, the majority of calculated frequencies for the 
lowest two groups of modes lied within 5 11z of the measured values. The 
discrepancy was greatest for the 0 nd modes, being 12 Hz in one case. 
The 'blade' modes excited on a single blade had measured 
frequencies of 198 Hz and 279 Hz, and these are marked on Fig. 8.9. 
There was a 23 nd wheel mode measured at 270 Hz, which did not fit in 
with the general pattern, but this had the same frequency as one of the 
blade modes so it could have been a spurious measurement. 
8.6.1.2 Results at 2683 rpm for 33" blades with coverbands 
The experimental data did not extend up to the full turbine 
speed of 3000 rpm* But there were measurements taken at a rotational 
speed of 2683 rpm. Fig. 8.10 compares calculated frequencies at 2683 
rpm, assuming a 'half-welded' coverband, with the experimental results. 
Unfortunately, there were only a small number of experimental points 
available. All the frequencies were higher than the frequencies of the 
same modes at 330 rpm, because of the centrifugal stiffening effect. 
Nevertheless, the agreement between calculation and experiment at 2683 
rpm was no worse that at the lower speed. The majority of calculated 
values were within 5 Ift of experiment, although the discrepancy was 
greater for 0 nd (as had been the case at 330 rpm). 
To sum up, the relationship between calculated frequencies and 
the limited number of experimental values at 2683 rpm was very similar to 
that observed for the low speed tests. The need to include centrifugal 
stiffening in the analysis had not made any significant difference to the 
accuracy of the results. 
8.6.2 Wheel With Coverbands and 38" Blades 
The final structure analysed was the El wheel with 38" blades 
and coverbands. This was very similar to the wheel with 33" blades. 
except for the considerably longer blade overhang past the coverbands. 
The fixations at the blade roots and at the coverband flanges were the 
same as for the 33" blades. However, the frequency spectrum was 
different because of the additional 5" blade overhang. 
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The mesh used to model the 38" wheel is shown in Fig. 8.8. It 
was identical to the mesh for the 33" wheel, except for the extra 
elements at the blade tip modelling the overhang. The same assumptions 
were made for the root fixation (4 inner roots clamped, 2 outer roots 
free), and for the coverband fixation ('half-welded' flanges), as had 
been made previously. 
8.6.2.1 Results at low speed for 38" blades with coverbands 
Fig. 8.11 is a graph comparing the calculated frequencies with 
the wheel frequencies measured when the wheel was rotating slowly at 
333 rpm. The agreement between calculations and experiment was excellent 
for all the groups of modes. Almost all the calculated frequencies were 
within 3% or within 10 Hz of the measured values. 
There were a few experimental points which did not lie near any 
of the calculated frequency curves, notably the measured frequencies at 
140 liz between 11 and 13 nd. But these had the same frequency as one of 
the 'blade' modes, so they may have been spurious experimental results. 
The blade frequencies measured on a single blade were in the 
ranges 124 to 140 Hz, 170 to 195 Hz, 202 to 127 Hz, and 330 Hz. These 
are marked on Fig. 8.11. ('Blade' modes will be discussed in Chapter 
The calculated wheel frequencies provided a much fuller picture 
than the measured values, and they were able to fill in the gaps in the 
experimental record. The excellent results for the 38" blades with 
coverbands, over a very wide range of frequencies and nodal diametersq 
confirmed the validity of the clamping assumptions. 
8.6.2.2 Results at 2012 rpm for 38" blades with coverbands 
Experimental results were available for the wheel with 38" 
blades up to a rotational speed of 2012 rpm. Fig. 8.12 compares the 
small number of measured frequencies at 2012 rpm with the calculated 
values. Agreement was very good, with the majority of calculated points 
being within 3 Hz of experiment, while the maximum discrepancy was 10 
Hz. 
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8.7 OVERALL ACCURACY OF DYSPIN PREDICTIONS_ 
Having described the results for all the structures analysed, 
it is now possible to discuss the overall accuracy of the DYSPIN 
calculations. There must, of course, have been some error in the 
experimental measurements against which the calculations were assessed, 
but this was estimated to be less than 1 Hertz by the experimenters. 
It is convenient to begin with the calculations for low 
rotational speeds, when centrifugal forces can be ignored. The results 
were given in Tables 8.1 and 8.2, and Fig. 8.6,8.9 and 8.11. There are 
two general observations which can be made from a comparison of these 
results. The first is that the 'best' finite element model gave more or 
less the same accuracy for all the structures analysed, even though the 
structures varied greatly in complexity, from an isolated free-free blade 
to wheel assemblies with coverbands. The second observation is that the 
absolute error in Hertz was not significantly worse for the higher 
frequencies than it was for the lower frequencies. 
In Fig. 8.69 8.9 and 8.11 (which show the results for the 
slowly rotating wheels) the discrepancy at 0 nd between calculation and 
experiment was slightly worse than, at other values of nodal diameter. 
The measured frequency at 0 nd was often higher than the calculated 
value, and in many cases it was also higher than the measured frequencies 
at 1 nd and 2 nd. The reason for this is not well understood. 
There were some dubious experimental points on Fig. 8.9 and 
8.11, in particular those values marked with aW denoting weak vibration, 
and those isolated points which were not part of any consistent pattern. 
(Some of the inconsistent measurements may have been spurious results 
introduced by the electronics of the instrumentation. ) If the dubious 
experimental points are ignored, all the calculated frequencies shown on 
Fig. 8.9 and 8.11 were within 12 Hz of experiment. This was similar to 
the maximum errors found for the free-free blade and the free-standing 
blade (Tables 8.1 and 8-2), which were 11 Hz and 10 Hz respectively. 
It can therefore be concluded that the DYSPIN calculations for 
low rotational speeds gave results within 12 Hz of the true values for 
all the structures analysed, and for all the modes in the frequency range 
examined (from 0 to approximately 400 Hz). 
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What about the accuracy when centrifugal forces were high? The 
results for the El wheels rotating at appreciable speeds were shown in 
Table 8.3, and in Fig. 8.10 and 8.12. The number of experimental values 
was limited, but the results did indicate that the calculated frequencies 
at high rotational speeds were no less accurate than they had been at low 
speeds. Although none of the comparisons were done for 3000 rpm, there 
was a comparison at 2683 rpm, which was nine tenths of the full speed 
(Fig. 8.10). It can be concluded that the errors associated with the 
centrifugal stiffening option in DYSPIN were smaller than the other 
sources of error in the analysis. The calculated frequencies at 3000 rpm 
should therefore be within 12 Hz of the true values (provided that the 
'best' finite element model is used for the analysis). 
8.8 FULL SPEED CALCULATIONS' 
Some further calculations were carried out for the turbine 
operating speed of 3000 rpm. Unfortunately, the calculated frequencies 
could only be compared with extrapolations from the experimental data, 
rather than with actual measurements. These full speed calculations can 
be interpreted to, assess whether resonant vibration would have been 
possible, had the El wheels ever been installed in a power station 
turbine. Although this is a hypothetical exercise, since these pre- 
production wheels were never put into service, it does provide an example 
of how DYSPIN might be used in practice. (Sections 1.3 and 1.4 give some 
background information for these discussions. ) 
8.8.1 Wheel With Free-Standing Blades at 3000 rpm 
The results for the El wheel with 33" blades and no coverbands, 
rotating at 3000 rpm, are shown in Table 8.4. The mesh of Fig. 8.3 
(which did not include the disk) was used for the calculations, and again 
it was assumed that only the 4 inner roots were clamped. 
Section 8.5 demonstrated that, for the El wheel with free- 
standing blades, the wheel frequencies were almost independent of the 
number of nodal diameters. So if any of the frequencies was an integer 
multiple of 50 Hz, there would be a danger of resonant vibration. 
With the exception of Mode 4, the calculated frequencies in 
Table 8.4 were all close to the extrapolated values. More weight should 
be placed on the DYSPIM calculations than on the extrapolations, because 
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the extrapolations were arrived at by drawing a trend line through 
frequencies measured at considerably lower rotational speeds. 
None of the calculated frequencies in Table 8.4 was an exact 
multiple of 50 Hz. But the values at 96,308,410 and 490 Hz were within 
10 Hz of an Engine Order frequency, and 12 Hz was the estimated maximum 
error of the calculations. These calculated frequencies were therefore 
close enough to be of concern. In practice, it is almost impossible to 
have all the natural frequencies of a wheel clear of all possible 
excitation frequencies. But most of the excitation energy will be in the 
lower Fourier components of the pressure distribution, which correspond 
to the lower Engine Order frequencies. Futhermore, the lowest-frequency 
modes are the easiest modes to excite, since they have the simplest mode 
shapes. The most damaging resonances are therefore tuned away from 
Engine Order resonance. If this had been a production wheel, it might 
have been advisable to change the design so that the mode at 96 Hz was 
shifted further away from 100 Hz. 
Table 8-4: Natural Frequencies of El Wheel With Free-Standing 
33" Blades Wheel Rotating at 3000 rpm 
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 
Calculated 
Frequencies 96 167 264 308 410 490 570 
(Hz) 
Extrapolations 
from 94 171 255-262 289-292 
Experimental 
Data (Hz) 
. 8.8.2 Wheel With Coverbands and 33" Blades at 3000 rpm 
The calculated frequencies for the El wheel with arch- 
coverbands and 33" blades, rotating at 3000 rpm, are shown in Fig. 8.13. 
The finite element mesh of Fig. 8.7 was used with the same assumptions as 
previously, i. e. only the 4 inner roots were clamped, and the coverband 
flanges were 'half-welded'. There were only a few extrapolated 
frequencies available, and these agreed well with the calculated values. 
In order to highlight possible resonances, a 13000 rpm impulse 
line' has been drawn on Fig. 8.13. This line passes through all the 
points corresponding to 3000 rpm Engine Order excitation. For example, 
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it goes through the 4EO point, which is at 200 Hz (- 4x 50 Hz) and at 4 
nodal diameters (See Section 1.4). 
An examination of Fig. 8.13 reveals that the following 
calculated wheel modes might have been near a major resonance: The 3 nd 
mode at 146 Hz, the 7 nd mode at 352 Hz, and the 10 nd mode at 498 Hz- 
Of these, the 3 nd mode would be of most concern if this wheel had been 
installed in a practical turbine, because most of the excitation energy 
would be in the lower Engine Order components. 
8.8.3 Wheel With Coverbands and 38" Blades at 3000 rpm 
Fig. 8.14 shows the calculated frequencies for the El wheel 
with 38" blades and coverbands, rotating at 3000 rpm. The mesh used was 
that shown in Fig. 8.8. and the same clamping assumptions were made as 
before (4 roots clamped, 'half-welded' coverband). 
It appears, from an inspection of Fig. 8.14, that there might 
have been a major resonance with the calculated 3 nd mode at 150 Hz. In 
addition, there was a2 nd mode with a calculated frequency of 110 Hz, 
which was within the estimated 12 Hz maximum error of the 2EO excitation 
frequency at 100 Hz- All the other calculated wheel modes were well 
clear of a major resonance. It may have been advisable to have shifted 
these problem modes away from possible resonance, if this pre-production 
wheel had ever been put into service. This might have been achieved by 
changing the length of the blades, or by altering the position of the 
coverbands on the blades. 
8*9 DISCUSSION 
The comparisons between the calculated and measured natural 
frequencies indicated that the centrifugal stiffening option in DYSPIN 
gave good accuracy, although the experimental data at high speeds was 
limited. The results also suggested that the same assumptions for the 
fixations at the roots and coverbands, which gave the best. agreement with 
experiment at low rotational speeds, were still valid at high speeds. 
The calculated wheel frequency spectra for the blades with 
coverbands agreed well with the somewhat incomplete experimental data. 
Later tests carried out by the manufacturers on other arch-coverbanded 
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wheels used more sophisticated instrumentation, and produced more 
experimental points on the frequency/nodal diameter plots. These more 
detailed patterns were of the same form as the patterns obtained from 
DYSPIN for the El wheels. This observation supports the validity of the 
calculations. 
The structures analysed varied from an isolated free-free LP 
blade, to complete LP wheels with and without coverbands. In every case, 
the method produced very good results. The question arises, could DYSPIN 
be used to analyse other categories of turbine wheel with equal success? 
Last-stage LP blades are probably the most difficult types of 
blades to analyse, because they are long, twisted, and have varying 
cross-sections-along their length. Arch-coverbands are also complex 
structures, being thin, skewed and curved. The solid isoparametric 
elements used by DYSPIN are general-purpose elements, which do not imply 
any a priori assumptions about the behaviour of the structure. It seems 
resonable to conclude that they could be used to analyse other types of 
power station turbine blade (such as HP or gas turbine blades) or other 
types of tip support, with similar accuracy as found for the complicated 
structures analysed in this Chapter. 
An important requirement for the successful analysis of a 
different design is to have some comparison with experimental data, so 
that the best fixation assumptions can be determined. However, if the 
root and coverband. design for the new wheel were the same as for the El 
wheel, it would probably be valid to use the same fixation assumptions. 
If it should be necess ary to analyse a new design without any 
experimental data, it should still be possible to obtain upper and lower 
bounds on the frequencies by assuming fully clamped or pinned 
conditions. 
8.10 CONCLUSIONS 
DYSPIN has been used to calculate'the natural frequencies of a 
variety of structures all based on the Erith El last-stage LP design. 
These structures were a free-free blade, a wheel without coverbands, a 
wheel with arch-coverbands and minimal blade overhang, and a wheel with 
considerable blade overhang past the coverbands. The calculations have 
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been compared with experimental measurements from wheel chamber and bench 
tests, and the following conclusions were drawn: 
(i) The program could calculate the natural frequencies of the LP 
blades to within a few Hertz of the experimental values, which 
represented an error of a few percent. It was also able to predict 
successfully the effects of coverbands and blade overhangs. The 
technique of mixed integration of EZ60R elements was necessary to produce 
the best results. 
(ii) The program calculated the effects of centrifugal stiffening 
successfully. (The accuracy at high rotational speeds was approximately 
the same as at lower speeds. ) 
(iii) For the El design, it was not necessary to include the disk in 
the finite element model, because the disk was considerably stiffer than 
the blades and coverbands. Nevertheless, the program was able to predict 
the slight effects of the disk. This suggests that DYSPIN would be able 
to analyse a wheel with a more flexible disk. 
(iv) The calculations were sensitive to the assumptions made for the 
fixation of the roots and of the coverbands. The validity of the 'best' 
assumptions were established by using the same fixation assumptions for 
every wheel considered. For the El design the best results were obtained 
by assuming that the 4 inner roots on each blade were clamped at the 
rivet holes, and that the top halves of the coverband flanges were 
clamped to the blades. 
(v) The accuracy of the calculations was approximately the same for 
all the structures analysed, even though the structures varied greatly in 
complexity. The calculated frequencies, using the finite element meshes 
described in the text, were almost all within 12 Hz of experiment in the 
frequency range examined (from 0 to approximately 400 Hz). 
, 
(vi) Natural frequency calculations for wheels rotating at 3000 rpm 
can be used to assess whether resonant vibration is a possibility at 
turbine operating speeds. The El wheels rotating at 3000 rpm were 
analysed in the text, as an example of this type of evaluation. 
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(vii) It can be concluded that DYSPIN has been validated for natural 
frequency calculations of LP turbine blades and wheels with arch- 
coverbands. The general-purpose nature of the solid finite elements used 
suggests that the program would also give good results for other types of 
turbine blades and tip supports. If possible, there should be some 
comparison with experimental data, so that the best fixation assumptions 
can be determined. If no experimental data is available, upper and lower 
bounds on the natural frequencies can be obtained by assuming fully 
clamped or more relaxed conditions. 
PLATE 8.1: VIEW OF El WHEEL WITH 33" BLADES AND NO COVERBANDS 
(by permission of NEI PARSONS) 
................. .... ........................................................................... 
FIG. 8.1: ARCH COVERBAND 
PLATE 8.2: ARCH COVERBANDS ASSEMBLED ON A WHEEL WITH 38"BLAOES 
(by permission of NEI PARSONS) 
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FIG. 8.2: - PLOT OF MESH FOR 38" El BLADE, 24 x2 ELEMENTS IN BLADE, 
SCHEMATIC ROOTS 
FIG. 8.3: PLOT OF MESH FOR 33" El BLADE, 21 x2 ELEMENTS IN BLADE, 
MORE REALISTIC ROOTS 
FIG. 8.4: BLADE ROOTS SHOWING RIVET HOLES 
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FIG. 8.5: MESH FOR 33" El BLADE WITH Ae SEGMENT OF DISK. BLADE ROOTS NOT MODELLED 
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CHAPTER 9 
SENSITIVITY OF CALCULATED FREQUENCIES OF LP BLADES AND BLADE ASSEMBLIES. 
TO VARIOUS FACTORS 
9.1 INTRODUCTION 
In Chapter 8, calculated natural frequencies were compared with 
experimental measurements for some last stage low pressure (LP) turbine 
blades and wheels, with and without arch-coverbands. Good agreement was 
obtained between experimental and the most accurate finite element 
models. The purpose of, the present Chapter is to demonstrate how the 
'best' finite element meshes and fixation assumptions were attained, and 
to show the sensitivity of the calculated frequencies to the various 
factors considered. 
9.2 FREE-FREE 38 INCH BLADE 
The first structure analysed was a 38 inch longg non-rotating, 
LP turbine blade in the free-free condition. -This was the simplest case 
to consider because there was no need to make any assumptions about 
fixations and there'were no centrifugal forces involved. The natural 
frequencies of this blade have been measured by Kellaway (1979). 
The blade was analysed with 3 separate EZ60R meshes which 
differed in the number of elements used to model the aerofoil part of the 
mesh. The most complex mesh consisted of four rows of 24 EZ60R elements 
along the blade length and will be referred to as the 24 x4 EZ60R mesh. 
The other meshes contained 24 x2 EZ60R elements and 12 x4 EZ60R 
elements modelling the blade. Additional elements represented the blade 
roots. Fig. 9*1 shows plots of these meshes. 
Kellaway used 'complete' integration of the stiffness matrix 
(3 x3x3 Gauss points) to calculate natural frequencies with these 
meshes. The calculations were repeated by the present author using 
reduced integration (2 x2x2 Gauss points), mixed integration with a 
weighting factor of p-0.0001 (Section 5.3.2), and a special 13-point 
integration rule (Hellen, 1972). The results of these runs are 
summarised in Tables 9.1 and 9.2. (The 6 zero-frequency, rigid-body 
modes of a free-free structure are not quoted. ) 
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The majority of the runs used node condensation with 100 master 
dof (masters) selected by an automatic masters algorithm (Henshell and 
Ong, 1975). Table 9.1 also shows results from a run with the 24 x4 mesh 
which used 100 manually chosen masters, and results from another run 
which used 40 automatic masters. 
The other element type which was considered for the analysis of 
turbine blades was the 32-noded brick (EZ96R). In order to compare the 
performance of EZ96R and EZ60R elements,, the program DATAGEN (Parsonst 
1977) was used to convert the EZ60R elements in the 12 x4 EZ60R mesh 
into EZ96R elements. The results from runs with the resulting 12 x4 
EZ96R mesh, using various orders of numerical integration, are given in 
Table 9.2. 
The results for the EZ60R meshes in Tables 9.1 and 9.2 showed 
that reduced integration (2 x2x2 Gauss points) gave considerably 
better accuracy than the 3x3x3 and 13 point rules. Mixed 
integration, with a weighting factor of 0.0001, provided virtually the 
same accuracy as reduced integration. (The advantage of mixed 
integration was that it greatly lessened the risk of spurious modes, 
although none of these particular meshes suffered from spurious modes 
with reduced integration. ) 
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Table 9-1: Natural Frequencies of Free-free 38 Inch El Blade. Comparisons 
Between Experiment and Calculations with 24 x4 and 24 x2 EZ60R Meshes* 
NATURAL FREQUENCIES (HERTZ) 
MESH Gauss Points 
fl f2 f3 f4 f5 
EXPERIMENT 58.0 149.0 227.5 270.0 411.5 
24 4 EZ60R Mesh 
100 Automatic Masters 333 56.7 157 230 298 451 
% Error -2% 5% 1% 10% 10% 
100 Automatic Masters 13 57.1 158 234 299 456 
% Error -2% 6% 3% 11% 11% 
100 Automatic Masters 222 55.3 152 220 282 420 
% Error -5% 2% -3% 4% 2% 
100 Manual Masters 222 55.3 152 221 284 427 
% Error -5% 2% -3% 5% 4% 
40 Automatic Masters 222 55.3 152 221 285 430 
2 Error -5% 2% -3% 5% 4% 
24 2 EZ60R Mesh- 
100 Automatic Masters 333 59.3 159 247 298 452 
% Error 2% 7% 9% 10% 10% 
100 Automatic Masters 13 60.2 160 262 299 462 
% Error 4% 7% 15% 11% 12% 
100 Automatic Masters 222 57.2 151 227 279 420 
% Error -1% 1% 0% 3% 2% 
100 Automatic Masters Mixed, 57.3 151 228 279 420 
% Error 0.0001 -1% 
J 
1% 0% 3% 2% 
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Table 9.2: Natural Frequencies of Free-free 38 Inch El Blade. Comparisons 
Between Experiment and Calculations using 12'x 4 EZ60R and EZ96R Meshes,. 
NATURAL FREQUENCIES (HERTZ) 
MESH I Gauss Points 
fl I f2 I f3 I f4 I f5 
EXPERIMENT (Hz) 11 58.0 1 149.0 1 227.5 1 270.0 1 411.5 1 
12 x4 EZ60R Mesh 
100 Automatic Masters 3x3x3 66.0 179 270 343 536 
% Error 14% 20% 19% 27% 30% 
100 Automatic Masters 13 66.6 184 272 367 561 
% Error 15% 23% 20% 36% 36% 
100 Automatic Masters 2x2x2 58.0 153 237 279 424 
% Error 0% 3% 4% 3% 3% 
100 Automatic Masters Mixed, 58.2 153 237 279 425 
% Error p-0.0001 0% 3% 4% 3% 3% 
12 x4 EZ96R Mesh 
100 Automatic Masters 4x4x4 
% Error 
100 Automatic Masters 3x3x3 
% Error 
100 Automatic Masters 2x2x2 
61.5 169 239 322 467 
6% 13% 5% 19% 13% 
61.1 168 236 316 459 
5% 13% 4% 17% 12% 
Run failed - stiffness matrix not 
positive definite. 
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The results for the EZ96R mesh (Table 9.2) showed that the 
order of numerical integration of EZ96R elements did not have a great 
effect on the accuracy of the calculations. The accuracy of the 12 x4 
EZ96R mesh was not as good as that of the 12 x4 EZ60R mesh with either 
reduced or mixed integration (although the EZ96R mesh did give better 
accuracy than the EZ60R mesh with complete integration). The average 
computing cost of the EZ96R runs was approximately 3 times the average 
cost of the EZ60R runs with the same number of elements in the mesh. 
There appears to be no advantage, therefore, in using EZ96R elements - 
mixed integration of EZ60R elements offers superior performance at lower 
expense. 
The use of 100, manually-chosen masters (for the 24 x4 EZ60R 
mesh) produced slightly worse accuracy than 100, automatically-chosen 
masters. It seems preferable, therefore to use the automatic masters 
algorithm rather than specifying master dof manually. 
When the number of automatic masters was lowered from 100 to 40 
(with the 24 x4 EZ60R mesh) there was little loss of accuracy except for 
the fifth mode, but the cost of the 40 masters analysis was two-thirds 
the cost of the 100 masters analysis. 
When reduced or mixed integration was used, the best results 
were obtained with the 24 x2 mesh, although there was little to choose 
between the meshes. It was therefore decided to use the 24 x2 EZ60R 
mesh as the basis for further analyses. The more-refined 24 x4 mesh 
gave slightly worse results than the 24 x2 mesh. This is because 
convergence with reduced or mixed integration need not be uniform and 
monotonic, although it is faster than with complete integration (Chapter. 
5). - 
The calculations summarized in Tables 9.1 and 9.2 were carried 
out withýa set of assumed material properties. After these calculations 
had been completed, measured values for the material properties of the 
mild steel used in the blade (12 Cr and 0.2 C) were obtained from NEI 
Parsons. The two sets of values were: - 
Young's Modulus Density Poisson's Ratio 
ASSUMED: 2100000 MN M72 7800 kg M73 0.3 
MEASURED: - 211,000 MN M72 7800 kg M73 0.284 
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The measured values were used for the remainder of the 
calculations described below. However, changing the assumed material 
properties had very little effect (the maximum change in any of the 
calculated natural frequencies was 1%) and did not alter the conclusions 
of this Section. 
9.3 WHEEL WITH FREE-STANDING 33 INCH BLADES 
The next structure considered was a complete, LP turbine wheel 
with 33 inch long blades and no coverbands (Plate 8.1). The blades were 
attached to the disk by rivets passing through holes in the blade roots 
(Fig. 8.4). 
9.3.1 Calculations Ignoring the Disk 
As a first approximation, it was decided to omit the disk from 
the finite element model and-to use a mesh for a single 33 inch blade, 
fixed at the roots and free at the tip (Fig. 8.3). The mesh used had two 
rows of 21 EZ60R, elements modelling the blade and was a shortened version 
of the 24 x2 mesh for the 38 inch free-free blade. There was an extra 
element in each root and an improved geometrical representation of the 
roots. The additional element in each root was included to enable the 
roots to be constrained at the positions of the top rivet holes. 
It is worth mentioning here the methods of applying constraints 
to solid elements. Each node on a solid element has three degrees of 
freedom - the displacements in three orthogonal directions. A pinned 
joint can be represented by constraining all three dof at one node: this 
allows rigid-body rotations about all possible axes through that node. A 
hinged joint can be modelled by constraining the dof on the nodes along a 
straight line: this allows rigid-body rotations about that line. A 
clamped or encastrg joint can be represented by constraining the dof on 
at least three nodes over a surface: this prevents both rigid-body 
displacements and rigid-body rotations. 
9.3.1.1 Root fixation assumptions 
The most appropriate fixation assumptions were not obvious. It 
was therefore decided to calculate natural frequencies using a range of 
physically plausible hypotheses and to choose the fixation assumptions 
which gave the best agreement with experiment. The results for a non- 
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rotating wheel, using mixed integration and 100 automatic masters, are 
summarized in Table 9.3. The various fixation assumptions were: - 
Assumption (a). All the dof in all six roots were constrained 
to zero. This modelled a blade with encastrfi roots and was the most 
severe clamping condition possible. The calculated frequencies weret on 
average, 8% higher than the experimental values. 
Assumption (b). All six roots were 'clamped' at the positions 
of the top rivet holes and at the corresponding positions on the bottom 
of the roots, by constraining all dof at the'nodes at these positions to 
zero. This simulated the effects of clamping at the three rivets which 
passed through each root, and prevented the mode of rigid-body rotation 
about the line through the top rivet holes. The average error of the 
calculated frequencies was now 6%. 
Assumption (c). Again, the roots were clamped at the top rivet 
holes and at the bottom of the roots, but this time only the four inner 
roots were clamped while the two outer roots were left unconstrained. 
The average error of the calculated frequencies was reduced to 3%. 
Assumption (d). In all the previous calculations, the mesh 
provided an accurate geometrical representation of the roots, but the 
midside nodes on the four inner roots at the positions of the rivet holes 
did not lie on a perfectly straight line. This meant that the clamping 
along the rivets may not have been modelled accurately. To provide a 
better representation of the clamping, the geometry of the mesh was 
altered slightly so that the nodes at the positions of the rivet holes 
lay along a straight line. The calculated natural frequencies, *with the 
four inner roots clamped at the positions of top rivet holes and also at 
the bottom of the roots, now had an average error of only 2%. This 
suggested that it was more important to represent the fixation conditions 
accurately than to model the geometry of the roots exactly. 
Assumption (d) gave the closest agreement with experiment and 
this was chosen as the basis for the further calculations described in 
the following sections. The mesh for assumption (d) is shown in Fig. 
8.3. The nodes which were constrained to have zero displacements for 
assumption (d) are shown in Fig. 9.2 below. 
There was some physical justification for assuming that only 
the four inner roots were clamped while the two outer roots were not 
fixed. The rivet holes on the outermost two roots were along the sides 
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of these roots, rather than through their centress and they were grooves 
rather than true holes (Fig. 8.4). Thus the rivets were not completely 
encased at the two outer roots and they may not have been held tightly 
there. 
9.3.1.2 Number of master dof req!! ired 
The calculations summarized in Table 9.3 had all used 100 
automatically chosen master degrees of freedom, on the assumption that 
this number of masters was sufficient. To check the sensitivity of the 
results to the number of masters employed, a series of calculations were 
carried out using 25,50,100 and 200 masters. The same mesh and 
fixation assumptions were used in each case. The results are given in 
Table 9.4. 
It can be seen that 25 masters provided converged values for 
the lowest four natural frequencies, but not for the higher modes. 100 
masters were sufficient to give converged results for each of the seven 
calculated frequencies. The use of 200 masters gave a very small 
improvement in accuracy over 100 masters, but doubled the computing 
cost. 
9.3.1.3 Spurious mode from reduced integration 
The, calculations described above for the free-standing 33 inch 
blade had all used mixed integration. The analysis was repeated using 
reduced integration (2 x2X2 Gauss points), with the four inner roots 
clamped at the rivet holes. Reduced integration predicted virtually 
identical frequencies to those predicted by mixed integration, but there 
was an additional mode calculated at 475 Hz by reduced integration. This 
additional mode had not appeared with mixed integration and it did not 
correspond to any measured frequency. It was, in fact, a 'spurious' 
mode. The mode shape, shown in Fig. 9.3, was physically implausibleo 
with almost all the deformation occurring in one of the blade roots. The 
mode shapes of the other, 'correct', modes predicted by both reduced and 
mixed integration will be presented in Chapter 10 and these all appeared 
physically reasonable. 
The reasons why spurious modes can sometimes occur with reduced 
integration were discussed in Chapter 4, That Chapter described a number 
of alternative integration methods for EZ60R elements, including various 
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Table 9.3: Effects of Various Root Fixation Assumptions. Single, Free-standing, 
Non-rotating, 33 Inch El Blade, 21 x2 EZ60R Mesh, Disk Not Modelled. All 
Calculations Used Mixed Integration with 100 Masters. 
NATURAL FREQUENCIES (HERTZ) 
fl f2 f3 f4 f5 f6 V 
EXPERIMENT 51.8 111.5 221.5 253.8 3ý6-3 456.0 506.2 
(a) Accurate root mesh, all 55.1 124 240 274 381 485 540 
dof in all 6 roots constrained +6% +11% +8% +8% +7% +6% +7% 
to zero. Average error - +8% 
(b) Accurate root mesh, all 54.8 121 238 270 374 481 527 
6 roots clamped at positions +6% +9% +7% +6% +5% +5% +4% 
of rivet holes. Average error - +6% 
(c) Accurate root mesh, 4 54.3 116 233 264 362 468 513 
inner roots clamped at +5% +4% +5% +4% +1% +3% +1% 
positions of rivet holes. Average error - +3% 
(d) Root mesh modified so 54.0 114 231 261 360 461 507 
that bolt holes lie along a +4% +2% +4% +3% +1% +1% 0% 
perfectly straight line, 4 Aver age erro r- +2% 
inner roots clamped at 
positions of rivet holes. 
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Table 9.4: Effects of VarXing the Number of Automatic Master dof. Free-standing 
33 Inch El Blade, 21 x2 Mesh, 4 Inner Roots Clamped at Rivet Holes. 
Mixed Integration Used Throughout. 
NATURAL FREQUENCIES (HERTZ) 
CORE COST 
fl f2 f3 f4 f5 f6 f7 
USED 
EXPERIMENT 51.8 111.5 221.5 253.8 356.3 456.0 506.2 - 
25 Masters 54.0 114 231 263. 371 472 . 531 912K 924 
50 Masters 54.0 114 231 262 361 463 514 976K E28 
100 Masters 54.0 114 231 261 360 461 508 1136K E40 
200 Masters 54.0 114 231 261 359 461 507 1576K E80 
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methods of selective and mixed integration. The objective was to find a 
method which would retain the improved accuracy of reduced integration 
but which would lessen the likelihood of spurious modes. All of these 
new integration methods, together with complete integration and reduced 
integration, were used to calculate the natural frequencies of the 33 
inch free-standing blades, and the results are given in Table 9.5. 
Reduced integration was the only integration method to predict 
a spurious mode in the frequency range of interest. Mixed integration 
(with a weighting factor, P, of 0.0001 or 0.001) predicted the same 
frequencies as reduced integration for the correct modes. The SELECTDIST 
method also gave good accuracy for this particular mesh, although it did 
not perform as well as mixed integration with some other meshes (Chapter 
4). Complete integration (3 x3x3 Gauss points) predicted natural 
frequencies which were, on average, 6% higher than experiment, compared 
with an average error of 2% from mixed integration. But complete 
integration did give good results for the two lowest frequencies. 
This example illustrates the dangers of spurious modes with 
reduced integration and the advantages of mixed integration. With this 
fixed-free blade, mixed and reduced integration did not give such 
dramatic improvements over complete integration as they had for the free- 
free blade (Section 9.2). This was probably because the mode shapes of 
the fixed-free blade were not as complex as those of the free-free blade, 
so fewer elements were required in the mesh for converged results with 
the fixed-free blades. (A small difference between the results from 
mixed and complete integration usually means that the mesh is 
sufficiently refined to give natural frequencies near their converged 
values. ) 
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Table 9.5: Effects of Using Different Integration Options (Chapter_4)_. Free- 
standing 33 Inch El Blade, 21 x2 Mesh, 4 Inner Roots Clamped at Rivet Holes, 
100 Automatic Masters. 
ION O GRA TIO 
NATURAL FREQUENCIES (HERTZ) 
INTE P T N 
fl f2 f3 f4 f5 f6 f7 f8 
EXPERIMENT 51.8 111.5 221.5 253.8 356.3 456.0 506.2 - 
COMPLETE 54.4 115 240 276 372 482 535 
REDUCED 54.0 114 231 261 
1 
360 461 475* 508 
SELECT DIRECT 
SELECT SHEAR 
54.9 
53.1 
116 
112 
237 
234 
273 
271 
365 
365 
475 
471 
531 
526 
696 
692 
SELECT VOL 
SELECT DIST 
54.0 
52.4 
114 
111 
237 
228 
274 
265 
369 
358 
1 
475 
462 
534 
517 
702 
675 
1 
MIXED, P-0.01 
MIXED, P-0.001 
MIXED, P-0.0001 
54.0 
54.0 
54.0 
114 
114 
114 
231 
231 
231 
263 
261 
261 
360' 
360 
360 
462 
461 
461 
512 
508 
508 
669 
666 
665 
MIXED CENTRAL, p 0.01 Run failed - negative term on diagonal of stiffness matrix 
* Spurious Mode 
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9.3.1.4 Wheel rotating at 1800 rpm and 3000 rpm 
The next stage was to calculate natural frequencies under 
centrifugal loading. Cave and Luck quoted measured blade frequencies for 
the 33 inch free-standing blades (i. e. blades without coverbands) at 
rotational speeds up to 1800 rpm. The measured data was extrapolated up 
to the turbine operating speed of 3000 rpm by the experimenters, but 
these extrapolated values were probably less reliable than the measured 
frequencies at 1800 rpm. 
Calculations were performed with the 33 inch blade mesht 
assuming rotational speeds of 1800 rpm and 3000 rpm, and these are shown 
in Table 9.6. Mixed integration, with 100 master dof, was used for the 
dynamics part of the analysis. Mixed integration was not available in 
the statics part of DYSPIN (BERSAFE), so the statics part of the analysis 
had to be performed using either reduced integration (2 x2x2 Gauss 
points) or complete integration (3 x3x3 Gauss points). 
There was a possibility that the fixation assumptions which 
gave the best results when the wheel was stationary (4 inner roots 
clamped at the rivet holes) may not have been the best when the wheel was 
rotating. However, Table 9.6 shows that the assumption that the four 
inner roots were clamped still gave better accuracy, at 1800 rpm, than 
the assumption that all six roots were clamped at the rivet holes. This 
suggests that the fixation conditions did not change significantly under 
centrifugal loading. 
It appears from Table 9.6 that the calculations using reduced 
integration for the statics part of the analysis did not give any 
spurious results. At 1800 rpm, there was very little difference between 
the frequencies calculated using reduced integration for the statics part 
of the analysis and those calculated using complete integration. At 3000 
rpm, the difference was more marked but was never more than 2% for any of 
the modes. 
Thus reduced integration did not improve 
statics part of the analysis as much as it did the 
reason for this was that the principal mode excite, 
loading was the fundamental longitudinal mode, and 
elements along the length of the mesh to give good 
simple mode with complete integration. 
the accuracy of the 
dynamics part. The 
I by centrifugal 
there were sufficient 
results for this 
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Table 9.6: Natural Frequencies of Free-standing 33 Inch El Blade Rotating at 1800 rpm 
and 3000 rpm. Effects of Using Different Integration Rules for the Statics 
Part of the Analysis. 21 x2 EZ60R Mesh. Mixed Integration and 100 
Masters Used for the Dynamics Part of the Analysis. 
NATURAL FREQUENCIES (HERTZ) 
fl f2 f3. f4 f5 f6 V 
WHEEL ROTATING AT 1800 rpm 
EXPERIMENT 71 137 240 267 - - 
All 6 roots clamped at rivet holes, 76 145 252 289 394 488 
reduced integration used for statics +7% +6% +5% +8% 
part of analysis Average error - 7% 
4 inner roots clamped, reduced 74 137 250 275 379 473 529 
integration used for statics part of +4% 0% 
1 
4% 3% 
analysis Average error - 3% 
4 inner roots clamped, complete 74 136 274 379 248 471 
integration used for statics part +4% -1% 
1 
+3% +3% 
of analysis Average error - 3% 
WHEEL ROTATING AT 3000 rpm 
EXTRAPOLATIONS from 94 171 255-262 289-292 
experimental data 
4 inner roots clamped, reduced 96 167 264 308 410 490 570 
integration used for statics part of 
analysis 
4 inner roots clamped, complete 95 167 259 307 410 484 569 
integration used for statics part of 
analysis 
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The accuracy of the calculations at 1800 rpm (for the four 
modes for which experimental values were available) was about the same as 
the accuracy of the calculations for the stationary blades. This 
indicated that the effects of centrifugal stiffening at 1800 rpm had been 
predicted with sufficient accuracy by DYSPIN. 
At 3000 rpm, all of the calculated frequencies, except for the 
fourth mode, were close to the extrapolated values. It was not possible 
to estimate the error in the calculated frequencies, because the 
extrapolated frequencies at 3000 rpm were arrived at by drawing a trend 
line through frequencies measured at considerably lower rotational 
speeds. 
9.4 WHEELS WITH COVERBANDS 
Having developed an adequate finite element model for a wheel 
with free-standing blades, it was possible to consider the wheels with 
coverbands. A finite element mesh for an arch-coverband was prepared 
from engineering drawings supplied by NEI Parsons, using the mesh- 
generation program BERMAGIC (Jackson and Beveridge, 1982). The mesh, 
shown in Fig. 9.4(a), contained two rows of eight EZ60R elements 
modelling the arch, with two EZ60R elements modelling each of the upright 
flanges. The two rows of elements in the coverband mesh were included to 
ensure compatibility with the blade mesh, which also contained two rows 
of elements. There was another reason for having two rows of elements in 
the coverband mesh. A mesh containing a single row of EZ60R elements 
connected end-to-end may be more likely to suffer from spurious modes 
with reduced integration (Chapter 4). 
The first coverbanded wheel analysed had blades of length 33 
inches. Using the method of complex constraints, it was possible to 
model an entire wheel by a finite element mesh for one blade and one 
arch-coverband. It did not seem necessary to include the disk in the 
finite element model because the slight effects of the disk would have 
been swamped by the much larger effects of the coverbands. 
In order to carry out convergence tests and to compare the 
performance of EZ60R and EZ45R (15-noded triangular wedge) elements, 
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three further coverband meshes were prepared, again using BERMAGIC. 
These consisted of a mesh with 8x4 EZ60R elements in the arch, a mesh 
with 16 x2 EZ60R elements in the arch and a mesh with 8x2x2 EZ45R 
elements in the arch (formed by splitting each element in the 8x2 EZ60R 
mesh into 2 EZ45R elements). These meshes are shown in Fig. 9.4(b)o 
9.4(c) and 9.4(d). (In the 8x4 EZ60R mesh, there were a few tiny EZ45R 
elements between the arch and the coverband flanges to ensure 
compatibility between the separate components of the mesh. These 
separate components contained different numbers of EZ60R elements across 
the width. ) 
The first structure analysed, using the four meshes shown in 
Fig. 9.4, was an arch-coverband in the free-free condition. This was a 
somewhat artificial problem but it did indicate the ability of a small 
number of EZ60R and EZ45R elements to model a very thin, curved 
structure. Natural frequences were calculated using both complete 
integration (3 x3x3 Gauss points) and reduced integration (2 x2x2 
Gauss points). The results are summarized in Table 9.7. The lowest six 
calculated frequencies were zero in every case, corresponding to the six 
rigid-body modes of a free-free structure, and are not quoted. 
Unfortunately, no experimental natural frequencies were 
available for a coverband in the free-free condition. It was assumed 
that the lowest calculated values were the most accurate, since finite 
element frequencies usually converge from above. 
The results from all of the reduced integration analyses with 
the EZ60R meshes were within a few percent of each otherg although the 16 
x2 EZ60R mesh gave the lowest frequencies, The natural frequencies of 
the EZ45R mesh with reduced integration were, on averageg 13% higher than 
the EZ60R frequencies, suggesting that the EZ60R meshes provided better 
accuracy than the EZ45R mesh for this thin, shell-type structure. All of 
the meshes gave lower frequencies with reduced integration than with 
complete integration. No spurious modes were observed with any of the 
meshes. 
The results showed that an 8x2 EZ60R mesh, with reduced 
integration, gave results which had almost converged for an isolated 
free-free arch-coverband. 
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Table 9.7: Natural Frequencies of Isolated Free-free Arch-Coverband 
Calculated with Various Meshes and Integration Rules. 50 
Automatic Masters were used for Each Case 
NATURAL FREQUENCIES (HERTZ) 
INTEGRATION 
MESH RULE 
fd 2 f2 f3 f4 f5 f6 
8x2 EZ60R Mesh COMPLETE 686 1522 1713 2950 3796 5371 
REDUCED 594 1302 
- 
1519 2551 
I- 
3486 4278 
8x4 EZ60R Mesh COMPLETE 
- 
658 
. - 
1444 1605 2801 3728 4849 
REDUCED 594 1306 1517 2560 3538 4244 
16 x2 EZ60R Mesh COMPLETE 634 1443 1701 2790 3676 4980 
REDUCED 591 1272 1516 2533 3469 4205 
8x2x2 EZ45R Mesh COMPLETE 718 1580 1767 3173 3816 6117 
-I 
REDUCED 641 1463 -1681 
I 
2859 
1 
3673 
-1 
5369 
-- -1 
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9.4.1 Wheel With Coverbands and 33 Inch Blades 
The four alternative coverband meshes were next compared for 
the more realistic case of a complete wheel with 33 inch blades and 
coverbands. For the purposes of this comparison, it was assumed that the 
coverband flanges were 'welded' over their full heights to the blades. 
This was an easy fixation condition to define and it provided an upper 
bound to the calculated frequencies since the assembly would be at its 
stiffest under these conditions. 
The method of complex constraints (Chapter 4) was used to 
generate the modes of the complete wheel from a mesh for a substructure 
of one blade plus one coverband. The basic complex constraints phase 
angle used was 4% given by 360* divided by the number of blades on the 
wheel (90). This angle was identical to the angle subtended by one 
substructure. Various values for the phase angle multiplier were 
specified, ranging from 0 to 45. The value of the phase angle multiplier 
corresponded exactly to the number of nodal diameters in the mode shape 
for the modes in the frequency range of interest. Complex constraints 
were applied between the 'free coverband' flange and the corresponding 
dof on the opposite face of the blade. 
A typical mesh, with the 8x2 EZ60R coverband mesh attached to 
a 33 inch-blade, is shown in Fig. 8*7* The root fixation assumptions 
which had given the beat results for the free-standing blade, i. e. 
clamping the four inner roots at the positions of the rivet holes, were 
also used with the coverbanded wheel. 
Natural frequencies were calculated, using the four different 
coverband meshes shown in Fig. 9.4 and ignoring centrifugal stiffening, 
for the wheel with 33 inch El blades and 'welded' coverbands. They were 
compared with the experimental frequencies measured at a rotational speed 
of 330 rpm, when centrifugal stiffening was negligible. It was found 
that. the 8x2,8 x4 and 16 x, 2 EZ60R coverband meshes gave almost 
identical results (with mixed integration) which are'shown in Fig. 9-5. 
That is, the results from the 8x2 EZ60R mesh had converged. This mesh 
was therefore used for the remaining calculations. (The frequencies 
calculated with the 8x2x2 EZ45R coverband mesh using mixed 
integration were between 0 and 10. Hz, higher than those shown in Fig. 
9.5. ) 
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The comparison in Fig. 9.5, between the frequencies measured 
experimentally and those calculated with the EZ60R coverband meshes, 
shows that assuming 'fully-welded' coverband flanges gave good results 
for some modes. For other modess particularly at higher values of nodal 
diameter, the calculated frequencies were somewhat higher than the 
experimental values. 
A lower bound to the calculated frequencies was obtained by 
assuming that the coverband flanges were 'hinged' to the blades along the 
line through the rivet holes. This represented the most relaxed fixation 
condition conceivable. The results using this assumption are shown in 
Fig. 9.6. This time, the calculated frequencies were substantially lower 
than the experimental value for almost all the modes. 
The best agreement with experiment was obtained by assuming 
that the coverband flanges were 'half-welded' to the blades. The results 
are shown in Fig. 8.9. The coverband flanges were assumed to be free up 
to the level of the rivet holes and rigidly clamped to the blades above 
the rivet holes. The physical interpretation was that the flanges were 
held sufficiently tightly at the rivets to prevent 'hinging' modes but 
were free to vibrate below the rivets. The effective length of each 
coverband therefore extended from the rivets on one flange, across the 
arch, over to the rivets on the other flange. (98 master dof were used 
for the calculations, of which 48 were boundary dof, and 50 were chosen 
by the automatic-masters algorithm. ) 
The same fixation assumptions ('half-welded' flanges) were used 
to calculate the natural frequencies of this wheel rotating at 2683 rpm, 
the limit of the experimental data. Reduced integration was used for the 
statics part of the analysis and mixed integration was used for the 
dynamics part. The results are shown in Fig. 8.10. There was good 
agreement between the calculations and the nine experimentally measured 
frequencies, showing that DYSPIN had predicted the effects of centrifugal 
stiffening accurately. 
9.4.2 Wheel With Coverbands and 38 Inch Blades 
A good test for the validity of those fixation assumptions 
which gave the best results for the wheel with 33 inch blades and 
coverbands was to apply the same assumptions to a different 
configuration. The wheel with 38 inch El blades and coverbands provided 
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the ideal test structure: the frequency spectra were quite distinct, 
even though the only difference between the two wheels was in the length 
of the blade overhang. 
The mesh for the wheel with 38 inch blades and coverbands is 
shown in Fig. 8.8. Natural frequencies were calculated using the same 
fixation assumptions as had been successful previously, that is, the four 
inner roots were clamped and the coverband flanges were 'half-welded' to 
the blades. These will be called the 'best' fixation assumptions. Fig. 
8.11 shows the calculated-and measured natural frequencies for the wheel 
rotating very-slowly at 330 rpm. There was excellent agreement for all 
families of modes up to 400 Hz, over a wide range of nodal diameters. 
This confirmed the validity of the fixation assumptions. 
The calculations were repeated using 'complete' integration (3 
x3x3 Gauss points). Fig. 9.7 shows that the natural frequencies 
calculated by complete integration were higher than the measured values 
and were not as accurate as those calculated by mixed, integration (shown 
in Fig. 8.11). 
The assumption of 'fully-welded' coverband flanges was 
investigated again, using mixed integration, and the calculated natural 
frequencies are shown in Fig. 9.8. The calculated frequencies were, on 
the whole, a little higher than experiment, showing again that the 
'fully-welded' assumption was too pessimistic. 
Measured frequencies were available up to a rotational speed of 
2012 rpm. Natural frequencies were calculated for '2012 rpm using the 
'best' fixation assumptions, and the results are shown in Fig. 8.12. 
(Reduced integration was used for the statics part of the analysis. ) 
Agreement between calculations and experiment was very good, although the 
number of experimental points was limited, showing that DYSPIN had 
predicted the centrifugal stiffening accurately. 
. 
The calculations at 2012 rpm were repeated assuming 'fully- 
welded' coverband flanges. The results-are shown in Fig. 9.9. The 
calculated frequencies were higher than the experimental values. The 
conclusion is that the 'best' assumptions did not need'to be changed for 
the higher rotational speeds. - 
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9.4.3 Effect of Centrifugal Mass Matrix 
All of the previous calculations of the centrifugal stiffening 
effect'had included both the initial stress matrix and the centrifugal 
mass matrix (see Chapter 4). This provided good agreement with 
experiment. However, Bossak 'and Zienkiewicz (1973) maintained that the 
centrifugal mass'matrix could be ignored because its effects were 
negligible at moderate rotational speeds. It was of interest to 
determine whether this assertion was correct for the El wheel rotating at 
the turbine operating speed of 3000 rpm. Calculations were done both 
with and without the centrifugal mass matrix for the 38 inch wheel with 
coverbands at 3000 rpm. The results are shown in Fig. 9.10, which also 
includes extrapolated natural frequencies from experiments performed at 
lower rotational speeds. For the majority of modes, the centrifugal mass 
term had no significant effect. However for a few modes (namely the 
lowest family, 0 to 4 nd, and the fifth-family, 25 to 45 nd), ignoring 
the centrifugal mass matrix had a marked effect on the natural 
frequencies. The conclusion is that it is not safe to leave out the 
centrifugal mass matrix from the analysis. 
9.5 CONCLUSIONS 
ý The major conclusions from the study were given in Chapter 8. 
The following additional conclusions can also be drawn: - 
(i) Reduced or mixed integration of an EZ60R mesh gave better 
accuracy than complete integration for the naturalýfrequenciea of turbine 
blades-and coverbands. 
(ii) Mixed integration provided the same accuracy as reduced 
integration but greatly lowered the risk of spurious modes. 
(iii) An EZ96R meshýof a turbine blade gave poorer accuracy, at 
greater expense, than the equivalent EZ60R mesh with mixed integration. 
(iv), The use of an automatic masters algorithm, to choose master dof 
for node condensation ', provided slightly better accuracy than choosing 
the same number of master dof manually. 
(v) A 24 by 2 EZ60R mesh of a free-free LP turbine blade, using 
mixed integration, gave slightly better accuracy than a 12 by 4 EZ60R 
mesh or a 24 by 4 EZ60R mesh. 
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(vi) The most severe root clamping assumption was that of encastrA 
roots. This assumption predicted natural frequencies for a fixed-free 
turbine blade which were, on average, 8% higher than experiment. The 
best agreement with experiment was obtained by assuming that the four 
inner roots were clamped at the positions of the rivet holes: the 
average error was 2%. 
(vii) With the fixed-free blade, 25 automatic masters were sufficient 
to give converged values for the four lowest natural frequencies. 100 
automatic masters gave converged, and accurate, results for all seven 
measured natural frequencies. 
(viii) The choice of integration method did not have such a large 
effect on the. accuracy of the statics part of the analysis as it had on 
the dynamics part. 
(ix) Two rows of eight EZ60R elements were sufficient to give 
converged results for an arch-coverband. 
(x) Assuming that coverband flanges were clamped to the blades over 
their full 'heights gave an upper bound to the calculated wheel 
frequencies. Assuming that the coverband flanges were 'hinged' to ýhe 
blades along the line of the rivet holes provided a lower bound. The 
best agreement with experiment was obtained by assuming that the top 
halves of the coverband flanges were clamped to the blades, while the 
bottom halves of the flanges were not constrained. 
(xi) Ignoring the centrifugal mass matrix had an appreciable effect 
on some of the natural frequencies of a coverbanded wheel rotating at 
3000 rpm, although the majority of modes were not affected. It is 
therefore not safe to leave out the centrifugal mass term from a DYSPIN 
analysis. 
(xii) The good, accuracy obtained using the 'beat' fixation 
assumptions, for all the structures analysed at both low and high 
rotational speeds, showed that the approximations made by DYSPIN are 
valid for LP turbine blading rotating at 3000 rpm. 
(a) 
(b) 
(c) 
FIG. 9.1: FINITE ELEMENT MESHES FOR FREE-FREE 38" El BLADE 
24 x4 EZ60R MESH, (b) 24 x2 EZ60R MESH, (c) 12 x4 EZ60R MESH 
PK/JDH(17.11.83)RL 3.3. S983 
FIG. 9.2: ELEMENTS IN ROOTS OF 33" BLADE, SHOWING POSITIONS OF NODES 
WHICH WERE CONSTRAINED TO HAVE ZERO DISPLACEMENTS FOR THE 'FOUR INNER. 
ROOTS CLAMPED' CONDITION 
PK/JDH(17.11.83)RL 3.3. S984 
FIG. 9.3: SEVENTH CALCULATED FREQUENCY FOR 3319 BLADE, CLAMPED AT 4 INNER ROOTS, 
NO ROTATION, USING REDUCED INTEGRATION 
CALCULATED FREQUENCY: 475 Hz 
(THIS IS A SPURIOUS MODE, WHICH DOES NOT APPEAR WHEN OTHER INTEGRATION 
RULES ARE USED) 
PK/JDH(17.1 1.83)RL 3-3-S98S 
(a) 
(c) 
(b) 
(d) 
FIG. 9.4: ALTERNATIVE COVERBAND MESHES, SHOWN ATTACHED TO TIP OF 33" El BLADE 
(a) 8x2 EZ60R COVERBAND MESH, (b) 8x4 ý30R COVERBAND MESH, 
(c) 16 x2 EZ60R COVERBAND MESH, (d)8i2x2EZ45RCOVERBAND MESH 
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COVERBAND MESHES, 4 INNER. ROOTS CLAMPED 
COVERBAND FLANGES "WELDED" TO BLADES 
FIG. 9-5: EXPERIMENTAL WHEEL El, 33" BLADES WITH ARCH-COVERBANDS 'WELDED' TO 
BLADES. WHEEL ROTATING VERY SLOWLY (330 RPM). 
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9 
TO BLADES MESH, 4 INNER ROOTS CLAMPED' COVERBAND FLANGES'HINGED' 
ALONG RIVET LINE 
FIG. 9.6: EXPE'RIMENTAL W'HEEL El, 33" BLADES Wl TH ARCH-COVERBANDS 'HINGED' 
TO BLADES. WHEEL ROTATING VERY SLOWLY (330 RPM) 
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NODAL DIAMETERS 
0 EXPERIMENTALLY MEASURED NATURAL FREQUENCIES EXCITED ON WHEEL 
BY ELECTROMAGNET 
CALCULATED FREQUENCIES, 38" BLADE PLUS COVERBAND MODEL. 4 INNER ROOTS 
CLAMPED, TOP HALF OF COVERBANDS CLAMPED TO BLADE, 'COMPLETE' 
INTEGRATION (3 x3x3 GAUSS POINTS) 
FIG- 9.7: EXPERIMENTAL WHEEL El, 38" BLADES WITH ARCH-COVERBANDS. WHEEL ROTATING 
VERY SLOWLY (330 RPM). EFFECT OF USING 'COMPLETE' INTEGRATION 
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4 INNER ROOTS CLAMPED. COVERBAND FLANGES 'WELDED' TO BLADES 
FIG. 9.8: EXPERIMENTAL WHEEL El, 38". BLADES WITH ARCH-COVERBANDS 'WELDED' TO 
BLADES. WHEEL ROTATING VERY SLOWLY (330 RPM) 
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0 EXPERIMENTALLY MEASURED NATURAL FREQUENCIES 
*CALCULATED FREQUENCIES, 38" BLADE PLUS COVERBAND MODEL. 
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FIG. 9-9: 38" BLADES WITH ARCH COVERBANDS 'WELDED' TO BLADES. El 
WHEEL ROTATING AT 2012 RPM 
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FIG. 9-9: 38" BLADES WITH ARCH COVERBANDS 'WELDED' TO BLADES. El 
WHEEL ROTATING AT 2012 RPM 
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A EXTRAPOLATIONS FROM EXPERIMENTAL DATA 
OCALCULATED FREQUENCIES. 38" BLADE PLUS COVERBAND MODEL, 4 INNER ROOTS 
CLAMPED. TOP HALF OF COVERBAND FLANGES CLAMPED TO BLADE, INCLUDING 
CENTRIFUGAL MASS TERM 
SCALCULATED FREQUENCIES, SAME ASSUMPTIONS AS ABOVE. BUT EXCLUDING 
CENTRIFUGAL MASS TERM 
FIG. 9. lo: 38" BLADES WITH ARCH COVERBANDS, El WHEEL ROTATING AT 3000 RPM (FULL SPEED). 
EFFECT OF CENTRIFUGAL MASS TERM. 
CHAPTER 10 
THE EFFECTS OF CENTRIFUGAL FORCES ON THE VIBRATIONAL MODES 
OF A FREE-STANDING LP TURBINE BLADE 
10.1 INTRODUCTION 
The purpose of this Chapter is to present the mode shapes of a 
free-standing low-pressure (LP) turbine blade, and to demonstrate the 
effects of centrifugal forces on the-mode shapes and natural frequencies 
of this blade. (A free-standing blade does not have any lacing wires or 
cover bands connecting it to adjacent blades. ) DYSPIN was used for the 
calculations and the program BERPLOT (Flack and Hellen, 1983) was used to 
plot the calculated mode shapes. 
DYSPIN was validated (Chapter 8) by comparing its predictions 
with experimental wheel chamber data, provided by NEI Parsons Ltd.,, for 
some last-stage LP turbine wheels both with and without arch-coverbands. 
Very good agreement was obtained between the calculated and measured 
natural frequencies. The blade design, known as Erith El, was never 
actually put into service but it was similar to designs later installed 
(with arch-coverbands) at a number of CEGB power stations. 
Experimental information about the mode shapes was only 
available for the non-rotatingv free-standing El blades. This 
information was limited to descriptions such as 'fundamental flap', 
'complex torsional', etc., and it is shown in the present Chapter that 
the calculated mode shapes are consistent with these descriptions* 
The manufacturers did not, however, have the means to measure 
the mode shapes of rotating blades. It is usually assumed that the mode 
shapes of turbine blades remain unchanged with increasing rotational 
speed, but it is not known whether this is a valid assumption. This 
Chapter therefore compares the mode shapes calculat ed by DYSPIN for the 
first five modes of vibration of the 33 inch longo free-standing El 
blades at 0.1800 and 3000 rpm. The effects of rotational speed on the 
calculated and measured natural frequencies of these blades are also 
discussed. 
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This Chapter is confined to free-standing blades, because the 
presence of arch-coverbands considerably complicates the behaviour of the 
assembly and may mask the effects of centrifugal forces. The mode shapes 
calculated for the El wheels with arch-coverbands will be presented in 
Chapter 11. 
10.2 FINITE ELEMENT MODEL 
The finite element mesh used for the calculations is shown in 
Fig. 10-1. The mesh contained 2 rows of 24 twenty-noded brick elements 
(EZ60R). The constraints used to model the root fixation were those 
which had given the beat agreement with the measured natural frequencies. 
These fixation assumptions predicted natural frequencies which had an 
average error of 2% at 0 rpm and 3% at 1800 rpm (Chapter 8). 
10.3 CALCULATED MODE SHAPES 
Fig. 10.2 shows the calculated mode shapes of the first five 
vibrational modes at standstill, together with the experimenters' 
classifications of these mode shapes and the calculated and measured 
natural frequencies. The amplitudes of the displacements in these plots 
have, of course, been greatly exaggerated. The dashed line shows the 
approximate position of the undeformed blade. It can be seen that the 
calculated mode shapes were consistent with the experimenters' 
classifications. 
The calculated mode shapes at 1800 rpm for the first five modes 
are given in Fig* 10.3, along with the calculated and measured natural 
frequencies. (There was no experimental information about the mode 
shapes available for the rotating blades. ) 
Fig. 10.4 shows the calculated mode shapes at the turbine 
operating speed of 3000 rpm. No natural frequencies were measured at 
this rotational speed because of limitations in the experimental 
techniques available at the time of the tests (1963). 
10.4 EFFECT OF ROTATIONAL SPEED ON NATURAL FREQUENCIES 
It has often been stated in the literature (e, g. Dokainish and 
Rawtani, 1971) that the relationship between the natural frequency, f, of 
a blade vibrational mode and the rotational speed, 0, is of the form: - 
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f2 . f02 + Ag2 400 (10.1) 
where fo is the frequency of that mode at 0 rpm and A is a constant. 
Real turbine blades only obey equation (10-1) in an approximate 
manner. With the free-standing El blades, the graphs of measured f2 
against 02 were curved rather than the straight lines predicted by 
equation (10-1). To explain this discrepancy with 'theory', it has been 
suggested that the root fixation conditions altered as the rotational 
speed was changed. 
In order to test this hypothesis, natural frequencies of the 
free-standing El blades were calculated using identical root fixation 
conditions over a range of rotational speeds. In this way, the 
predictions of a finite element program could be, compared with experiment 
and also with equation (10.1). 
Fig. 10.5 shows the variation of calculated natural frequency$ 
f, with rotational speed, 0, for the first five modes of vibration 
together with the experimental data available. The agreement between 
calculations and experiment was good, although the experimental data did, 
not extend further than 35 revals (2100 rpm). 
The relationship between f2 and U2 for the first four modes is 
shown in Fig. 10.6. The discrepancy between calculated and experimental 
values for the third and fourth modes was exaggerated on this graph, 
because the vertical scale was for frequency squared. Nevertheless, the 
shapes of the calculated and experimental curves agreed well. 
Fig. 10.7 shows the relationship between the calculated values 
of f2 and U2 for the fifth mode. Unfortunately, no experimental data was 
available for this mode for non-zero values of g2, 
10.5 DISCUSSION 
A comparison of Fig. 10.20 10.3 and 10.4 shows that the 
calculated mode shape of the 'fundamental flap' mode did not change 
significantly as the rotational speed was increased from 0 to 3000 rpm. 
(With all the mode shape plots, the maximum amplitude of the displacement 
should be ignored because this was arbitrary . and was chosen individually 
for each plot. ) 
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With the second mode, the calculated mode shape was again 
essentially unchanged as speed was increased, except that at 3000 rpm the 
vibratory motion was confined to the blade tip. 
At 0 rpm, the third mode was a complex combination of bending 
and torsion. As the speed was increased, however, the bending component 
was reduced until, at 3000 rpm, the third mode was predominantly 
torsional. 
The opposite process'was apparent with the fourth mode. At 
0 rpm (Fig. 10.2), the mode was almost entirely torsional. At higher 
speeds (Fig. 10.3 and 10.4), the torsional component was progressively 
reduced so that the mode at 3000 rpm contained both torsional and bending 
componentse 
By contrast, the fifth mode had virtually the same mode shape 
at all rotational speeds. 
We can relate the changes in mode shape with rotational speed' 
to the graphs of f2 v 02 (Fig. 10.6 and 10.7). None of the calculated 
curves were perfectly straight and the curvature was very pronounced for 
the third and fourth modes. This shows that the deviation from equation 
(10.1), which had been observed experimentally, was also predicted by a 
finite element program which used identical root fixation assumptions for 
all rotational speeds. The non-linear relationship between f2 and 92 was 
therefore not due to any change in the root fixation conditionst but was 
an inherent property of the blades themselves. 
In fact, equation (10.1) is only exactly true mathematically 
for a one degree of freedom system. For a system with two or more 
degrees of freedom, it can be shown that the theoretical relationship 
between the natural frequency of a mode and the rotational speed is of 
the form: - 
f2 . fl)2 + AU2 + Bg4 + Cg6 + D08 + ... ... (10.2) 
where A, B, C, D, ... are constants particular to that mode. 
Those modes whose mode shapes did not change appreciably with 
speed (the first, second and fifth modes) had a roughly linear dependence 
of f2 on g2 and equation (10.1) was satisfied approximately. On the 
other hand, the third and fourth modes did experience significant changes 
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in their calculated mode shapes between 0 and 3000 rpm, and for these 
modes the relationship between f2 and Q2 was highly non-linear. 
There appeared to be an interaction between the third and 
fourth modes. The natural frequencies of these modes were close 
together* If the initial slopes of the curves for these two modes or the 
f2 v 02 graph were extrapolated, the curves would have intersected near 
02 - 2500 rev2/s2 (0 - 3000 rpm). Instead, the actual curves drew away 
from each other with increasing 02. Furthermore, there seemed to be a 
partial exchange of mode shapes between the third and fourth modes as the 
speed was raised from 0 to 3000 rpm. At standstill, the third mode was a 
complex bending-torsional mode and the fourth mode was a torsional mode. 
At 3000 rpm, the third mode was predominantly torsional while the fourth 
mode contained both torsional and bending components. 
10.6 CONCLUSIONS 
The calculated mode shapes of the first five modes of a free- 
standing last stage LP turbine blade were presented for the rotationAl 
speeds of 0,1800 and 3000 rpm. Graphs of natural frequency against 
rotational speed, and natural frequency squared against rotational speed 
squared, were also presented. 
The calculated mode shapes for 0 rpm were consistent with the 
experimenters' classifications of the mode shapes. (Experimental 
information about the mode shapes was only available for the non-rotating 
case. ) 
For the first, second and fifth modes, the calculated node 
shape remained essentially unchanged as the rotational speed was 
increased from 0 to 3000 rpm. With these modes, the relationship between 
natural frequency squared and rotational speed squared was approximately 
linear. 
With the third and fourth modes of vibration, the calculated 
mode shapes changed significantly with rotational speed. The 
relationship between natural frequency squared and rotational speed 
squared was markedly non-linear for these modes. The natural frequencies 
of the third and fourth modes were close together, and the non-linearity 
may have been caused by an interaction between these modes involving a 
partial exchange of mode shapes between 0 and 3000 rpm. 
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Both the measured and the calculated natural frequencies showed 
similar deviations from linear relationships between frequency squared 
and rotational speed squared. The finite element calculations assumed 
constant fixation conditions at the root. This suggests that the 
deviations from linearity observed experimentally were not caused by 
changes in the root fixation conditions, but were an inherent property of 
the blades themselves. 
.. -41 
/ 
PLOT OF UNDEFORMED MESH 
FIG. 10.1: 33" FREE-STANDING El BLADE 
IND ARCH-COVERBAND) 
PKJCPR(4.9A4)RL 3. &6217 
CALCULATED MEASURED 
FREQUENCY FREQUENCY 
380 Hz 366 Hz 
'COMPLEX TORSIONAL' 
261 Hz 254 Hz 
'FUNDAMENTAL TORSIONAL! 
230 Hz 222 Hz 
'tOMPLEX FLEXURAL 
TORSIONAV 
113 Hz 112 Hz 
'SECOND MODE FLAJI' 
0-11 
. 000 
4001 
54 Hz '52 Hz 
'FUNDAMENTAL FLAP' 
. 001 . 41 
. 41 
FIG. 10.21. CALCULATED MODE SHAPES OF 33" FREE-STANDING El BLADES ATO RPM 
PK/CPR(4.9.84)RL &&6218 
CALCULATED MEASURED 
FREQUENCY FREQUENCY 
379 Hz 
275 Hz 267 Hz 
260 Hz 240 Hz 
137 Hz 137 Hz 
74 Hz 71 Hz 
. -Iol 
"'Ool 
FIG. 10.3: CALCULATED MODE SHAPES OF 33" FREE-STANDING El BLADES AT 1800 RPM 
PKIM(4. &84)RL 3. U219 
CALCULATED 
FREQUENCY 
410 Hz 
3018 Hz 
266 Hz 
167 Hz 
96 Hz 
. 11, 
FIG. 10.4: CALCULATED MODE SHAPES OF 33" FREE-STANDING El BLADES AT3000 RPM 
PKICPR(4.9.34)RL UAM 
420 
400 
380 
360 
340 
320 
300 
280 
260 
240 
us Ir. 220 U. 
200 
iso 
z iso 
140 
120 
100 
80 
60 
40 
20 
0 
n, ROTATIONAL SPEED (remlsac) 
FIG. 10.5: VARIATION OF NATURAL FREQUENCY AGAINST ROTATIONAL SPEED 
FOR 33"' El FREE-STANDING BLADES 
0 CALCULATED 
X MEASURED 
PKXPR(4.9A4)RL 3.3.6221 
15.81 22.36 35.36 44.72 
0 10 20 30 40 50 
38.73 
100,0001- 
90,000 
80,000 
70,000 
0 
us 
cic 
60,0(X 
z UA a 50,00( 
ui cc 
U. 
-i 
40,00 
fu 
30,00 
20,00 
lo, oc 
x MEASURED 
CALCULATED 
FIG. 10.6: VARIATION OF NATURAL FREQUENCY SQUARED AGAINST ROTATIONAL 
WEED SCILIARED FOR FIRST FOUR MODES OF 33" El FREE-STANDING BLADES 
PK"R(4.944)RL 3. &6= 
0 -- Soo 1000 l6w 2000 2600 
fý, ROTATIONAL SPEED SQUARED (rev2/0) 
170,000 
160,000 
150,000 
140,000 
130,000 
120,000 
0 250 500 1000 1 BW 2000 2600 
(rgv2/MC2) 
FIG. 10.7-: VARIATION OF NATURAL FREQUENCY SQUARED 
AGAINST ROTATIONAL SPEED SQUARED FORTIFTH MODE 
OF 33" El FREE-STANDING BLADE 
PKM(4L$M)RL 33 8223 
900 1260 
CHAPTER 11 
VIBRATIONAL MODE SHAPES OF LP TURBINE WHEELS WITH ARCH-COVERBANDS 
11.1 INTRODUCTION 
This Chapter presents the calculated mode shapes of some last- 
stage low pressure (LP) turbine wheels with arch-coverbands. These mode 
shapes and their corresponding natural frequencies are discussed, and 
some conclusions are drawn about the vibrational properties of the 
wheels. 
Chapter 8 compared the natural frequencies calculated by DYSPIN 
for these wheels with experimental values measured at Erith by L. E. Cave 
and G. A. Luck in 1962 and 1963. The experimental data, provided by NEI 
Parsons Ltd., was for a pre-production design, known as Elp which was 
never put into service but which was similar to designs later installed 
at a number of CEGB power stations. Very good agreement was obtained 
between the calculated and measured natural frequencies. 
Mode shapes are of interest for a number of reasons: - 
(a) They determine the distribution of dynamic stresses. 
(b) They enable a better understanding of the vibrational 
properties of a structure. 
(c) The mode shape affects the likelihood of a mode being excited 
in service. In general, the more complicated the mode shape, the weaker 
Is the likely resonant response. 
Unfortunately, manufacturers have very little information about 
the mode shapes of blade assemblies, because of the practical 
difficulties of measuring these experimentally. Experimental information 
is usually limited to modes excited on a single blade ('blade' modes) at 
0 rpm and does not often include modes of the complete wheel. Virtually 
nothing is known about made shapes at the turbine operating speed of 3000 
rpm. It is usually assumed that the mode shapes remain. unchanged with 
increasing rotational speed, but it is not known whether this is a valid 
assumption. Indeed, cal culations for the free-standing El blades (i. e. 
blades without coverbands) showed that some modes do have significant 
changes in shape between 0 and 3000 rpm, although other mode shapes are 
hardly changed (Chapter 10). 
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There is, therefore, a need for calculations of the mode shapes 
of the El wheels with arch-coverbands at both 0 and 3000 rpm. This 
Chapter presents the mode shapes calculated by DYSPIN at these rotational 
speeds for the 33 inch El blades (with virtually no blade overhang past 
the coverbands) and the 38 inch El blades (with more than 5 inches of 
overhang). 
11.2 FINITE ELEMENT MODELS 
The finite element meshes used for these calculations are shown 
in Fig. 11.1. The constraints used to model the root and coverband 
fixations were those which had given the best agreement with the measured 
natural frequencies (Chapter 8). 
11.3 CALCULATED MODE SHAPES 
The number of nodal diameters (n. d. ) in a wheel mode represents 
the number of circumferential waves around the assembly. It also 
represents the number of diametral lines joining the nodal points on 
these waves (hence the term 'nodal diameters'). Fig. 11.2 illustrates 
the circumferential shape of 0,1,2 and 3 n. d. modes. The maximum 
number of nodal diameters (with natural frequencies in the frequency 
range of interest) is equal to 45, half the number of blades on the 
wheel. With the 0 n. d. modes, all the blades on the wheel are vibrating 
in phase. At 45 n. d., each blade vibrates out of phase with its 
immediate neighbour. 
On LP wheels, the modes which have a small number of nodal 
diameters are of most concern, because they are more likely to be excited 
in service than the high n-d- modes. it was not practical to calculate 
mode shapes for all the values of nodal diameter between 0 and 45, so a 
number of values were selected with a bias towards the lower n. d. values. 
Mode shapes were therefore calculated for the lowest five natural 
frequencies with 0,3,6,11,20 and 45 n. d., for both wheels at 0 and 
3000 rpm. The program BERPLOT (Flack and Hellen, 1983) was used to plot 
the mode shapes. 
The mode shape plots for the wheel with 33 inch blades and 
arch-coverbands are shown in Fig* 11.3 to 11.8 at 0 rpm, and in Fig. 11.9 
to 11.14 at 3000 rpm. Fig. 11.15 to 11.20 show the mode shapes of the 
wheel with 38 inch blades at 0 rpm, and Fig. 11.21 to 11.26 at 3000 rpm. 
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These plots show the deformations of one substructure only, 
that is one blade plus one coverband. However, the reader should bear in 
mind that they represent modes of the complete wheel, with the number of 
waves in the coverband assembly given by the number of nodal diameters. 
The amplitudes of the distortions in the plots have been 
greatly exaggerated to show the mode shapes clearly. It was difficult to 
achieve a uniform maximum distortion in all the plots, so variations in 
the amplitudes of otherwise similar mode shapes should be ignored. 
The plots in Fig. 11.3 to 11.26 show the mode shapes of blades 
at the 'anti-nodal' positions around the circumference of the wheel (i. e. 
blades half-way between the nodal diameters shown on Fig. 11.2). The 
mode shapes of blades at the positions of the nodal diameters were also 
calculated, but these are not shown because of their very small 
amplitudes. The program predicted that blades at the nodal diameters 
would undergo slight torsional motion. This can be explained if we 
remember that the arch-coverbands are connected together into a 
continuous ring around the wheel. If the blades between the nodal 
diameters are undergoing 'flapping' motion, with finite displacements out 
of the plane of the wheel at the positions of the coverbands, then the 
resultant motion of the ring of coverbands will force slight torsion of 
blades lying on the nodal diameters* This point is discussed in more 
detail by Wachter, Pfeiffer and Jarosch (1984). 
11.4 NATURAL FREQUENCIES 
Chapter 8 contained graphs of the natural frequencies of the El 
wheels. However, some of these graphs extended only to 400 Hz (the limit 
of the experimental data) and did not show values between 25 and 45 nodal 
diameters. In order to allow a better correlation between the calculated 
mode shapes and their natural frequencies, graphs of frequency against 
nodal diameter are presented in this Chapter for natural frequencies up 
to 600, Hz over the full range between 0 n. d. and 45 n-d- 
Fig. 11.27 shows the natural frequencies of the wheel with 33 
inch blades and arch-coverbands at 330 rpm, and Fig. 11.28 at 3000 rpm. 
The natural frequencies of the wheel with 38 inch blades are shown at 330 
rpm in Fig. 11.29 and at 3000 rpm in Fig. 11.30. In Fig. 11.27 and 
11.29, the calculations assumed 0 rpm, even though the measurements were 
carried out at 330 rpm, because the centrifugal stiffening at 330 rpm was 
negligible. 
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11.5 CLASSIFICATION OF MODE TYPES 
The modes shown in Fig. 11.3 to 11-26 were classified into 
various types. The mode shapes at different values of nodal diameter 
were classified as the same type if either: - (a) the mode shapes 
remained essentially unchanged between 0 and 45 n. d. or (b) the mode 
shapes did change between 0 and 45 n. d., but the transition was from a 
clamped-free mode at 0 n. d. to the same mode in the clamped-hinged 
condition at 45 n. d. 
Six distinct mode types were observed, and these were given the 
names F, A, B, C, D and T, which are marked on the mode shape plots and 
on the natural frequency graphs. 
Mode type F was the fundamental bending mode. 
Mode types A, B, C, D were more complicated bending modes, with 
some torsional component, and with two or more nodes along the length of 
each blade. (Modes of type B were not observed on the wheel with 33 inch 
blades. ) 
Mode type T was a clamped-clamped torsional mode. 
In some cases, a mode at a particular value of nodal diameter 
seemed to have a mixed mode shape which had components from two distinct 
mode types, for example A and F. Such a mode would be designated A/F, 
with the first-named mode type making the larger contribution to the 
mixed mode. 
11.6 OBSERVATIONS ON MODE SHAPES AND FREQUENCIES 
The mode shapes of the 0 n. d. modes on the wheel with 33 inch 
blades and arch-coverbands (Fig. 11.3 and 11.9) were very similar to the 
mode shapes of the 33 inch free-standing blades (Chapter 10). The main 
differences were: - 
(a) The fundamental torsional mode on the free-standing blade was a 
clamped-free torsional mode (clamped at the root, free at the tip). The 
fundamental torsional mode on the wheel with coverbands was a clamped- 
clamped torsional mode. 
(b) The other modes of the free-standing blade were predominantly 
clamped-free bending modes, but they contained torsional components which 
produced some twisting at the blade tip. The 0 n. d. bending mqdes of the 
wheel with coverbands were also clamped-free modes, but the torsional 
components in these modes appeared to be suppressed at the blade tips by 
the coverbands. 
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If the 45 n. d. modes (Fig. 11.8 and 11.14) are compared with 0 
n. d. modes of the same 'type', it is apparent that the clamped-free 
modes at 0 n. d. became clamped-hinged modes at 45 n. d. There was a 
correspondingly large increase in natural frequency. The 45 n. d. modes 
were 'hinged' at the positions of the arch-coverbands. 
The clamped-clamped torsional mode (type T) had a roughly 
constant mode shape and natural frequency across the whole range of nodal 
diameters from 0 to 45 n. d. 
On the wheel with 38 inch blades (Fig. 11.15 to 11.26), the 
mode shapes of the types F, A, C, D and T modes were essentially the same 
as those of the wheel with 33 inch blades, for the main parts of the 
blades below the coverbands. But the 38 inch blades also had relatively 
large amplitude motion of the blade overhangs past the coverbands. 
The wheel with 38 inch blades had an extra mode type in the 
frequency range of interest, namely the type B modes. These modes were 
not observed on the wheel with 33 inch blades and coverbands, nor on the 
free-standing 33 inch blades. The type B mode was untypical, because it 
had a lower frequency at 45 n. d. than at 0 n. d. For low values of nodal 
diameter, the type B modes were clamped-free bending modes, with 
deformations in both the main blade and in the overhang. At high n. d. 
values, the type B modes were clamped-hinged modes (hinged at the 
coverband), with most of the deformation in the overhang. The simpler 
mode shape at high values of n. d. resulted in a lower natural frequency. 
For both wheels, at values of nodal diameter between 0 n. d. and 
45 n. d., the mode shapes of the predominantly bending modes were either: 
(a) Clamped-free modes, similar to the 0 n. d. shapes (Types A, Bf 
C, D, low n. d. values, with roughly constant frequencies). 
(b) Intermediate modes, with mode shapes in between the clamped- 
free and clamped-hinged shapes. (Types F, A, C, D, intermediate n. d. 
values, with frequencies rising with increasing n. d. ). 
, (c) Clamped-hinged modes, similar to the 45 n. d. shapes. (Types F, 
A, B, D, high n. d. values, with approximately constant frequencies). 
(d) Mixed modes (e. g. A/F) with components from two different mode 
types. Mixed modes were only observed in regions of the frequency graph 
where the curves for two separate families of mode types seemed to 
intersect. 
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11-6.1 Effects of Centrifugal Forces 
Most of the calculated mode shapes at 3000 rpm were very 
similar to those at 0 rpm, but there were some notable exceptions. 
On the wheel with 33-inch blades, these exceptions were: - 
(a) The 3 n. d. modes A and F exchanged places in the frequency 
rankings between 0 and 3000 rpm. (Fig. 11.4 and 11.10). 
(b) The 6 n. d. mode T at 0 rpm became mode TID at 3000 rpm 
(Fig. 11.5 and 11.11). 
(C) The 20 n. d. mode A/F at 0 rpm became mode A at 3000 rpm 
(Fig. 11.7 and 11.13). 
On the wheel with 38 inch blades: - 
(a) The 3 n-d. modes A and F exchanged places between 0 and 3000 
rpm. Also, mode F had a different shape at 3000 rpm (Fig. 11.16 and 
11.22). 
(b) The 6 n. d. modes B and F exchanged places between 0 and 3000 
rpm. Mode B/F at 0 rpm became mode F at 3000 rpm (Fig. 11.17 and 
11.23). 
(c) The 11 n. d. mode A had a different shape at 3000 rpm than at 0 
rpm. Mode T at 0 rpm became mode T/C at 3000 rpm. Modes B and F 
exchanged places (Fig. 11.18 and 11.24). 
(d) The 20 n. d. mode A/F at 0 rpm became mode F/B at 3000 rpm. 
Mode T changed shape. Modes B, A, F exchanged places (Fig. 11.19 and 
11.25). 
With all the modes, the natural frequencies at 3000 rpm were 
higher than at 0 rpm because of the centrifugal stiffening effect. But 
certain modes were affected more than others by the centrifugal forces. 
This sometimes caused the order of modes in the frequency rankings (for a 
given number of nodal diameters) to change between 0 and 3000 rpm, as 
described above. 
Changes in the mode shapes were often associated with a mode 
which was close in frequency to another mode at one rotational speed, but 
further apart at the other speed. There seemed to be an interaction 
between neighbouring modes with close natural frequencies which modified 
one, or both, of their mode shapes. A similar phenomenon was observed 
with the free-standing blade (Chapter 10). 
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It is not, therefore, safe to assume that a mode shape at 3000 
rpm will be identical to the mode shape at 0 rpm. This is particularly 
true if the mode concerned is close in frequency to another mode (with 
the same number of nodal diameters) at either rotational speed. 
11.7 BLADE MODES 
Natura I frequencies were measured in two different ways by Cave 
and Luck. The first of these methods was to supply a variable frequency 
alternating current to a stationary electromagnet near the rotating 
wheel, and to detect the response using crystal strain gauges attached to 
the wheel. This method excited vibrations of the complete assembly known 
as 'wheel' modes, which were characterized by the number of nodal 
diameters in the mode shape. 
The other method was to excite vibrations using a piezo- 
electric crystal attached to one blade and to measure the response using 
another crystal gauge on the same blade. This method excited vibrations 
of a single blade, known as 'blade' modes. 
The measured frequencies of the blade modes at 0 rpm are shown 
in Fig. 27 and 29. It can be seen that they were all close to regions 
where the wheel frequencies were almost constant over a range of nodal 
diameter values* 
How was it possible to excite modes on a single blade when all 
the blades were connected, via coverbands, into a complete assembly? At 
a 'blade' frequency, the experimenters found that there was very little 
vibration on the adjacent blades, but the blade with the gauges were 
moving appreciably. When an excitation force was applied to one blade, 
it should have excited vibration in the complete wheel, because the 
damping was low and the blades were linked by the coverbands. There 
should have been peaks in the response whenever the excitation frequency 
equalled one of the very large number of wheel frequencies. However, 
this was not observed in practice - because the energy provided by the 
crystal excitation was limited, and would have been shared between 90 
blades if a single wheel mode had been excited. This would have resulted 
in a tiny response at the blade with the gauges. But if there were 
several wheel modes with approximately'the same frequency, a force at 
that frequency would have excited many wheel modes. The motion for all 
of these modes would have been in phase at the blade where the force was 
originating. -At the other blades, however, the displacement components 
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from the separate wheel modes would not have been in phase and would have 
tended to cancel each other. To express this differently, there would 
have been constructive interference at the blade with the gauges, and 
destructive interference elsewhere on the wheel. The energy would 
therefore be concentrated at the blade with the gauges, and the measured 
response would be much greater at such a frequency than at other values. 
It would thus be recorded as a 'blade' mode. The only requirement for 
this type of behaviour is that several wheel modes should have almost the 
same frequency. 
Further support to this hypothesis is provided by the mode 
shapes given in this Chapter. An examination of the mode shapes shows 
that those wheel frequencies which were roughly constant over a range of 
nodal diameters corresponded to mode shapes which were very similar to 
each other (if we ignore the number of nodal diameters in the coverband 
assembly). This similarity, between the mode shapes of a number of 
different wheel modes, is another condition which must be fulfilled 
before the constructive intereference described above can occur* 
It should be remembered that the plots in Fig. 11.3 to 11-26 
show the deformation of just one of the 90 blades on the wheel. In each 
of the wheel modes, every other blade on the wheel will deform in the 
same way, but with a phase relationship determined by the number of 
nodal diameters. A 'blade' mode will have a similar mode shape to the 
relevant 'wheel' modes with the same natural frequency, but the 
deformation will be confined to a single blade. 
There was some very limited experimental information about the 
mode shapes of the El blade modes at 0 rpm. A few of the blade modes 
were classified as being 'fundamental tangential' or as involving large 
motions of the overhang ('overhang type' modes). These descriptions are 
given on Fig. 11.27 and 11.29, next to the relevant blade frequencies. 
It can be seen that the frequencies of the 'fundamental 
tangential' blade modes were close to the frequencies of the clamped- 
hinged type F wheel modes (Fig. 11.6 to 11.8 and Fig. 11.11 to 11.20). 
The type F modes were the fundamental bending modes, so our hypothesis 
was consistent with experiment in this case. 
The 'overhang type' blade modes were not observed on the wheel 
with 33 inch blades (Fig. 11.27), but two different blade modes of this 
type were excited on the wheel with 38 inch blades (Fig. 11.29). The 
lower-frequency 'overhang type' blade mode corresponded to the clamped- 
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hinged type B wheel modes (Fig. 11.19 and 11.20). The higher-frequency 
foverhang type' blade mode corresponded to the clamped-free type B wheel 
modes (Fig. 11.15 to 11-18). The type B modes were notable for the 
relatively large deformations of the overhangs, so this was consistent 
with the experimental classification. 
The other blade modes, which were described as 'unidentified' 
by the experimenters, corresponded in frequency to the clamped-hinged 
type A modes (Fig. 11.8), the clamped-hinged type D modes (Fig. 11.6 to 
11.8), the clamped-free type D modes (Fig. 11.15 to 11.19), and the type 
T, clamped-clamped torsional modes (Fig. 11.18 to 11.20). 
There was more detailed experimental data available about the 
mode shapes of the blade modes on another wheel design called E2 at 
0 rpm. An accelerometer was used to measure both phase and movement at 
various positions on the blade. Deflection forms could then be derived. 
Fig. 11.31 shows the measured mode shapes of the first three blade modes 
at 0 rpm on the E2 wheel with 38 inch blades and arch-coverbands, 
together with their measured frequencies (145 Hz, 184 Hz and 203 Hz). 
The principal difference between the El and E2 designs was in 
the positions of the arch-coverbands. On the E2 design, the coverbands 
were one inch further out from the blade roots, so that the overhangs on 
the 38 inch E2 blades were one inch shorter than those on the 38 inch El 
blades. However the natural frequencies of the two designs were not 
greatly different. (The first three measured 'blade' frequencies on the 
El wheel with 38 inch blades were 124-140 Hz, 170-195 Hz and 202-217 Hz-) 
It seems likely, therefore, that the mode shapes of the two wheels were 
similar. 
The experimental mode shapes for the first three E2 blade modes 
shown in Fig. 11.31 were very similar to the calculated mode shapes of 
the relevant El wheel modes (type B, Fig. 11.19 and 11.20; type B, Fig- 
11-15 to 11.18; type F, Fig. 11.18 to 11.20). This similarity increases 
our confidence in the calculated mode shapes. 
11.8 DISCUSSION 
We are now in a position to discuss some of the physical 
reasons for the observations made in Section 11.6 about the mode shapes 
and natural frequencies. 
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11-8.1 Bending Modes 
All of the predominantly bending mode types (F, A, B, C, D) 
appeared to be clamped-free at 0 n. d. and clamped-hinged at 45 n. d. What 
were the reasons for this? 
At 0 nodal diameters, all the blades on the wheel moved 
together in phase. With pure bending modes, there would be no 
deformations in the arch-coverbands (Fig. 11.32). The coverbands did 
not, therefore, inhibit bending modes at 0 n. d. and these were clamped- 
free modes. 
At 45 nodal diameters, adjacent blades were moving in opposite 
directions (i. e. out of phase) to each other. Large-amplitude motion of 
the blades at the coverbands, out of the plane of the wheel, would 
require considerable deformations of the coverbands in directions in 
which they were very stiff. This type of motion was therefore supressed, 
and the modes were clamped-hinged. 
Fig. 11.27 to 11-30 show that the natural frequencies of modes 
of type F (the fundamental bending modes) rise very sharply as the number 
of nodal diameters increases from 0. There is an abrupt transition from 
clamped-free type F modes to clamped-hinged type F modes. This is 
because the clamped-free type F mode is the mode with the greatest 
amplitude of motion at the positions of the coverbands (Fig. 11.3,11.9, 
11.159 11.21). The stiffening effect of the coverbands, as the number of 
nodal diameters is increased, is therefore most marked with the type F 
modes. 
11.8.2 Torsional Modes 
Why did the clamped-free torsional mode on the free-standing 
blade become a clamped-clamped torsional mode when coverbands were added? 
Torsion in the blade at the position of the coverbands would 
require shearing of the arch-coverbands (Fig. 11.33). This would be true 
for all values of nodal diameter, even for the 0 n. d. modes which had all 
the blades moving in phase. The arches would be extremely stiff when 
sheared in this way. As a result, torsional motion was supressed at the 
Position of the coverbands. The mode shape of the fundamental torsional 
mode was clamped-clamped across the whole range of nodal diameters, so 
the frequency remained approximately constant. (Most of the strain 
energy was in the blades rather than in the coverbands. ) 
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11.8.3 Calculations for Single Isolated Blades 
The mode shapes of the 0 n. d. wheel modes resembled the 
clamped-free modes of a single blade, with torsion restrained near the 
blade tip. The 45 n. d. mode shapes resembled the clamped-hinged modes of 
a single blade. Is it possible to calculate the natural frequencies of 
the 0 n. d. wheel modes by calculating the natural frequencies of a single 
isolated clamped-free blade? Are the natural frequencies of the 45 n. d. 
wheel modes equal to the natural frequencies of a single isolated 
clamped-hinged blade? To answer these questions, calculations were 
performed using a mesh for a single isolated 33 inch El blade, clamped at 
the roots and subjected to various constraints at the position of the 
arch-coverband platform near the blade tip. 
Table 11.1 compares the natural frequencies calculated for the 
0 n. d. modes of the 33 inch blades and coverbands with those calculated 
using a mesh for a single isolated 33 inch blade. The mesh for the 
isolated blade had the added mass of one arch-coverband lumped at the 
blade tip. Torsional motion was supressed in one calculation, by 
applying equal constraints on (translational) displacements at the blade 
tip. The % error refers to the error involved in approximately a wheel 
mode by a single isolated blade. It can be seen that suppressing 
torsional motion at the blade tip gives a better approximation to the 0 
n-d. frequencies than allowing torsion, but in neither case is the 
accuracy from the isolated blade calculation particularly good. 
Table 11.1: Calculated Natural Frequencies of 0 n. d. Modes for 
33 inch El Blades at 0 rpm 
0 n. d. wheel modes, calculated 
by complex constraints 
Isolated blade mesh, added mass 
at tip, clamped-free, torsion 
supressed at tip (% error) 
Isol 
' ated 
blade mesh, added mass 
at tip, clamped-free, torsion 
allowed 
NATURAL FREQUENCIES (HERTZ) 
56 115 244 347 403 
66 106 221 371 400 
(+18%) (-8%) (-9%) (+7%) (-l%) 
46 101 216 260 337 
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Table 11.2 compares the natural frequencies calculated for the 
45 n. d. modes of the 33 inch blades and coverbands with those calculated 
using models of isolated clamped-pinned, clamped-hinged and clamped- 
clamped 33 inch blades. There was noneed to lump the mass of the 
coverband at the blade tip, because motion was supressed at that position 
by the constraints. The best approximation to the 45 n. d. wheel 
frequencies was obtained by applying clamped-hinged constraints to the 
isolated blade mesh, with an average error of 2.4% and a maximum error of 
9%. (Hinged constraints were applied by constraining the nodes along one 
straight line at the position of the coverband platform to have zero 
translational displacements. ) 
Table 11.2: Calculated Natural Frequencies of 45 n. d. Modes for 
33 inch El Blades at 0 rpm 
NATURAL FREQUENCIES (HERTZ) 
45 n. d. wheel modes, calculated 206 265 397 447 638 
by complex constraints 
Isolated blade mesh, clamped- 206 289 400 445 631 
hinged (% error) (0%) (+9%) (+l%) (-1%) (-1%) 
Isolated blade mesh, clamped- 201 250 270 427 502 
pinned 
Isolated blade mesh, clamped- 238 305 410 486 691 
clamped 
The conclusion is that it is not possible to predict accurately 
the 0 n. d. wheel frequencies using an isolated clamped-free blade mesh. 
However, the 45 n. d. wheel frequencies can be calculated reasonably 
accurately using an isolated clamped-hinged blade mesh* 
11-8.4 Interactions Between Mode Families. 
If we examine the natural frequency graphs (Fig. 11.27 to 
11.30), following points classified as one mode type across the range of 
nodal diameters, the points seem to lie near imaginary smooth 
intersecting curves. These underlying curves might, perhaps, define the 
relationship between frequency and nodal diameter if one family of mode 
types could exist in isolation. 
To illustrate this hypothesis, Fig. 11.34(a) shows the sort of 
shape the underlying curve for the family of modes of type A might have. 
At low n. d. values, the mode shape is clamped-free, at high n. d. values 
it is clamped-hinge4. At in-between values of n. d. che mode shape is 
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intermediate between clamped-free and clamped-hinged and the frequency is 
rising with n. d. (It should be remembered that, although the underlying 
curve has been drawn as a continuous line, the actual modes of vibration 
must correspond to discrete points on this line at integer values of 
nodal diameter. ) 
Fig. 11.34(b) shows the hypothetical shape of the underlying 
curve for the type F modes in isolation. Fig. 11.34(c) shows what 
happens when both families of modes are present together. (Compare Fig. 
11.34(c) with the graphs for the wheel with 33 inch blades, Fig. 11-27 
and 11.28). The resultant natural frequencies lie on the underlying 
curves where these curves are far apart from each other. But where the 
underlying curves cross, there is an interaction between the modes and 
the resultant frequencies are pushed away from the points of 
intersection. It was near such points that the 'mixed' mode types such 
as A/F (Fig. 11.7) were observed. (Mixed modes had mode shapes which 
could not be classified as being of one pure mode type, but seemed to 
have components from two different mode types. ) 
The deviation from the hypothetical underlying curves near 
their points of intersection is probably due to changes in mode shape and 
hence natural frequency near those points. The deviation is small when 
only two mode types are interacting. But the deviation seems to be 
larger when three or more mode types have close frequencies. For 
example, the interactions between the-families of mode types C, D and T 
on Fig. 11.27 to 11.30 are complex. 
11-9 CONCLUSIONS 
The calculated mode shapes and natural frequencies of the El 
wheel with 33 inch blades and arch-coverbands, and the El wheel with 38 
inch blades and arch-coverbands, at both 0 and 3000 rpm, were presented 
in this Chapter. The following conclusions were drawn: - 
(i) Each mode could be classified as being of type F. A, B9 C, D or 
T, or as a mixture of two of these mode types. Mode type F was the 
fundamental bending mode. Mode types A, B9 C$ D were more complicated, 
predominantly bending modes. Mode type T was a clamped-clamped 
fundamental torsional mode. Mode type B was not observed on the wheel 
with 33 inch blades. 
(ii) The 0 nodal diameter (n. d. ) modes on the wheel with 33 inch 
blades and arch-coverbands were very similar in shape to the modes of the 
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33 inch free-standing El blades. The main differences were due to 
supression of the torsional components in the wheel modes at the 
positions of the coverbands. The 0 n. d. bending modes were all clamped- 
free. 
(iii) At high values of nodal diameter, the bending modes became 
clamped-hinged, and usually had a higher natural frequency than the same 
mode type at 0 n. d. 
(iv) The clamped-clamped torsional mode had an approximately 
constant mode shape and natural frequency across the whole range of nodal 
diameters. 
(v) On the wheel with 38 inch blades, the mode shapes were very 
similar to those of the wheel with 33 inch blades, for the main parts of 
the blades below the coverbands. But the 38 inch blades also had 
relatively large amplitude motion of the blade overhangs (the parts of 
the blades past the coverbands). 
(vi) The natural frequencies of all the modes were higher at 3000 
rpm than at 0 rpm. But certain modes were affected more than others by 
the centrifugal stiffening. This sometimes caused the order of modes in 
the frequency rankings (for a given number of nodal diameters) to change 
between 0 and 3000 rpm. Most of the mode shapes at 3000 rpm were very 
similar to those at 0 rpm, but there were several exceptions. It was not 
safe to assume that a mode shape at 3000 rpm would be identical to the 
shape at 0 rpm, particularly if the mode concerned was close in frequency 
to another mode with the same number of nodal diameters. 
(vii) Blade modes (excited on a single blade) were associated with 
wheel modes which had the same frequency over a wide range of nodal 
diameters. 
(viii) It was not possible to predict accurately the 0 n. d. wheel 
frequencies by calculating the naturalýfrequencies of a single isolated 
clamped-free blade. However the 45 n. d. wheel frequencies could be 
predicted with reasonable accuracy by calculating the natural frequencies 
of an isolated clamped-hinged blades 
/ 
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CHAPTER 12 
CONCLUSIONS AND DISCUSSION 
12.1 MAIN CONCLUSIONS 
This thesis has described a theoretical technique, based on the 
finite element method, for the vibrational analysis of turbine blade 
assemblies. The element type used was the 20-noded brick, because this 
was capable of modelling the complex three-dimensional geometries of 
turbine blades and tip supports. The method required an initial linear 
statics analysis to calculate the pseudo-static effects of centrifugal 
forces. This was followed by a linear dynamics analysis, whiqh took 
centrifugal stiffening into account by adding an 'initial stress' 
stiffness matrix and a 'centrifugal mass' stiffness matrix to the 
ordinary stiffness matrix. A complete assembly with cyclic periodicity 
could be analysed using a mesh for just one substructure, by applying 
complex constraints across the boundaries of the substructure. The 
eigenvalue economiser method was used to reduce the size of the computing 
problem. 
It was found that the 20-noded solid element with complete 
integration of the stiffness matrix was over-stiff for the bending modes 
of thin, curved structures like turbine blades and coverbands. Reduced 
integration of the 20-noded bricks greatly improved accuracy for the 
majority of modes, but unfortunately sometimes predicted spurious modes 
in the frequency range of interest. (Meshes' containing strings of single 
elements connected end-to-end appeared to be particularly prone to 
spurious modes with reduced integration. ) Various forms of selective 
integration and a new method, called mixed integration, were also 
investigated. Some of the selective integration methods gave very good 
results when the elements in a mesh were rectangular in shape, but they 
performed less well when the elements had non-rectangular geometries* 
Mixed integration, by contrast, gave virtually the same high accuracy as 
reduced integration and eliminated spurious modes from all the practical 
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meshes analysed. (Mixed integration did not, however, eliminate spurious 
modes from a mesh consisting of a single unconstrained element. ) 
Some new 20-noded solid elements with additional internal 
degrees of freedom were also developed. It was found that the new 
elements did not provide any significant advantages, so the original 
element with mixed integration was used for the remaining 
investigations. 
In order to validate the theoretical method, its predictions 
were compared with experimentally-measured natural frequencies for a 
number of idealised, constant cross-section, rotating blades. Good 
agreement was obtained between the calculated and measured natural 
frequencies. For each blade, the only mode which displayed a large 
percentage rise in natural frequency with increasing rotational speed was 
the lowest mode of vibration. The increase in the natural frequency of 
the lowest mode, caused by rotation, was greater with a 90* stagger angle 
than with a 0* stagger angle, and this was shown to be entirely due to 
the 'centrifugal mass' stiffness matrix. Changing the pretwist of a 
blade from 0* to 45* had little effect on the frequency of the lowest 
mode, but substantially modified the frequencies of the other modes. 
Calculations were then carried out for a number of last-stage 
low pressure turbine blade assemblies. The structures analysed were a 
free-free blade, a wheel without coverbands, a wheel with arch-coverbands 
and minimal blade overhang, and a wheel with considerable blade overhang 
past the coverbands. The calculations were compared with natural 
frequencies measured by the turbine manufacturer. It was found that the 
calculations were sensitive to the assumptions made for the fixations of 
the blade roots and the coverbands. However, once the best fixation 
assumptions had been determined, excellent agreement was obtained between 
calculated and measured natural frequencies for all the assemblies 
analysed. The effects of centrifugal stiffening were predicted 
successfully. (A turbine blade mesh made up of 32-noded bricks gave 
poorer accuracy, at greater expense, than the equivalent mesh of 20-noded 
bricks. ) 
For the wheel without coverbands (i. e. free-standing blades), 
the calculated mode shapes at 0 rpm were consistent with the 
experimenters' classifications of the mode shapes. With some of the 
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modes, the calculated mode shapes remained essentially unchanged between 
0 and 3000 rpm, and the relationship between natural frequency squared 
and rotational speed squared was approximately linear. However, with two 
of the modes, the calculated mode shapes changed significantly with 
rotational speed, and the relationship between natural frequency squared 
and rotational speed squared was markedly, non-linear. The natural 
frequencies of these modes were close together, and the non-linearity may 
have been caused by an interaction between these modes involving a 
partial exchange of mode shapes between 0 and 3000 rpm. 
For the wheels with arch-coverbands, the only experimental 
information available about the mode shapes was for modes excited on 
single blades in the assembly ('blade' modes). But the calculated mode 
shapes provided considerable insights into the vibrational 
characteristics of these wheels. The assembly modes could be classified 
into various types, which were either predominantly-bending modes or a 
clamped-clamped torsional mode. The 0 nodal diameter bending modes were 
all clamped-free. At high values of nodal diameter, the bending modes 
became clamped-hinged, and usually had a higher natural frequency than 
the same mode type at 0 nodal diameters. Certain modes were affected 
more than others by centrifugal stiffening, and it was not safe to assume 
that a mode would have the same mode shape at 3000 rpm as at 0 rpm. 
'Blade' modes were associated with wheel modes which had the same 
frequency over a wide range of nodal diameters. 
12.2 DISCUSSION 
The theoretical technique described in this thesis has been 
validated by comparing its predictions with experimentally-measured 
natural frequencies. The structures analysed ranged from simple blades 
in spin rigs, to an isolated free-free low pressure turbine blade, to 
complete LP wheels with and without coverbands. In every case, the 
method produced very good results. Indeed, as far as the author is 
aware, the accuracy obtained in these calculations was better than any 
previously-published results for the natural frequencies of complex steam 
turbine blades and wheels. The question arises, could the method be used 
to analyse other categories of turbine wheels with equal success? 
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Last-stage LP blades are probably the most difficult types of 
blades to analyse, because they are long, highly twisted, and have 
varying cross-sections along their length. Arch-coverbands are also 
complex structures, being thin, skewed and curved. The solid 
isoparametric elements used are general-purpose elements, which do no 
imply any a priori assumptions about the behaviour of the structure. It 
seems reasonable to conclude that the theoretical method could calculate 
the natural frequencies of other types of power station turbine blades 
(such as HP or gas turbine blades) or other types of tip support, with 
similar accuracy to that obtainedýfor the complicated structures analysed 
in this thesis. 
The only requirements for the successful analysis of a 
different design is to have some comparison with experimental data, so 
that the best fixation assumptions can be determined. However-, if the 
roots and tip-supports'are identical to a previously-analysed design, it 
would probably be valid to use the same fixation assumptions. 
If it should be necessary to analyse a new design without any 
experimental data, it should still be possible to obtain upper and lower 
bounds on the frequencies by assuming fully-clamped or pinned 
conditions. 
12.3 SUGGESTIONS FOR FURTHER WORK 
There are a number of further lines of research which would 
continue the work described in this thesis,, but could not be pursued in 
the time available. 
It was shown in Chapter 5 that mixed integration of 20-noded 
solid elements gives virtually the same high accuracy as reduced 
integration, yet it greatly lessens the probability of spurious modes 
appearing in the frequency range of, interest. - Mixed integration cannot, 
however, guarantee to eliminate spurious modes from all possible 
analyses. It would therefore be worth investigating new integration 
methods, with the aim of finding a method which completely eliminates the 
possibility of spurious modes but still retains the high accuracy of 
reduced or mixed integration. 
Alternatively, new formulations for solid elements could be 
investigated. Chapter 6 showed that adding internal d. o. f. based on 
conforming shape functions to the original 20-noded solid isoparametric 
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element gave disappointing results. It might be worth examining the 
effect of adding non-conforming internal d. o. f. to the 20-noded brick. 
(Non-conforming internal d. o. f. do not disappear at the element 
boundaries, but instead have non-zero values there. ) The difficulty is 
in choosing the additional shape functions so that the resultant non- 
conforming elements pass the patch test (Cook, 1981). Another 
possibility would be to develop a new solid element based on the hybrid 
element approach (Pian and Tong, 1969). 
Nevertheless, mixed integration of the original 20-noded brick 
gives good practical results for natural frequencies, as was shown in 
this thesis for LP blades with multi-finger pinned roots and arch- 
coverbands. It would be worth demonstrating that the method gives 
equally good results for other types of blades and tip-supports, for 
example LP blades with fir-tree roots and lacing-wires, HP and IP steam 
turbine blades, and gas turbine blades. 
Packetted blades were not analysed in this thesis. Salama and 
Petyt (1977) showed that the method of complex constraints could be used 
to analyse blade packets, - although the method is only approximate for 
these finite periodic structures. It would be worth determining the 
conditions under which the method of complex constraints gives reasonable 
results for blade packets. It might also be possible to develop a new 
theoretical method which gives'exact' results for finite periodic 
structures. 
Calculated mode shapes of LP blade assemblies were presented in 
this thesis. Vnfortunately, there was very little experimental 
information available with which to validate the calculations. There is 
therefore a need for further experimental work to measure the mode shapes 
of blade assemblies. 
Centrifugal stresses, dynamic stress distributions, and 
centrifugal blade untwists are all of interest to blade designers. It 
would be worth using the theoretical-methods described in this thesis to 
calculate stresses and blade untwists, and comparing the calculations 
with experimental results. 
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